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Ultrafast optics has undergone a revolution in the past two decades, driven by
new methods of pulse generation, amplification, manipulation, and measure-
ment. We review the advances made in the latter field over this period, indicat-
ing the general principles involved, how these have been implemented in vari-
ous experimental approaches, and how the most popular methods encode the
temporal electric field of a short optical pulse in the measured signal and ex-
tract the field from the data. © 2009 Optical Society of America
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Characterization of ultrashort
electromagnetic pulses

Ian A. Walmsley and Christophe Dorrer

1. Introduction

1.1. Need for Ultrafast Metrology

The development of mode-locked lasers in the mid-1960s gave rise to the prob-
lem of ultrashort pulse measurement, since optical pulses generated by this class
of lasers were of significantly shorter duration than any photodetector response
time. Despite the vastly increased capabilities of modern photodetectors in
terms of both speed of response and sensitivity, the equally dramatic improve-
ments in laser technology have sustained this disparity, and, indeed, with the
emergence of attosecond pulse trains have extended it.

The need for metrology has increased along with the development of new
sources and their application in a wide range of new fields. Of course, determin-
ing the pulse durations remains critical, both because this parameter is an impor-
tant specification of the laser output needed for other applications and because it
provides a diagnosis of the system operation.

Modern mode-locked lasers, for example, generate pulses with spectral band-
widths exceeding one octave, corresponding to pulses the brevity of which is
well beyond anything that can be characterized by means of fast photodetectors.
The operation of such lasers relies on a complex combination of linear pulse
propagation, influenced by the chromatic dispersion of the laser material, the
mirrors, and the intracavity dispersion-compensating devices, together with
nonlinear effects, such as self-phase modulation of the pulse in the laser material
or saturation of an intracavity absorption, such as in a semiconductor saturable
absorber mirror (SESAM), as well as, in some cases, space—time coupling. The
optimization of a mode-locked laser is made practicable by means of a diagnos-
tic providing the electric field as a function of time or frequency, or at least pro-
viding some temporal information such as the second-order intensity autocorre-
lation [1-7]. Figure 1 displays the characterization results of the output pulse
from a Ti:sapphire oscillator. One of the primary limits at present to the genera-
tion of few-cycle pulses directly from a laser is the dispersion of the intracavity
mirrors and other optical elements. Historically, detailed measurements of laser
output were able to identify this as a major obstacle to generating pulses of
greater brevity.

Chirped pulse amplification (CPA) operates by lowering the peak power of the
pulses in the amplifier gain medium, which would otherwise induce nonlinear
phase distortion of the pulse or damage to the amplification medium [8,9]. To
achieve this, the pulses are stretched in time by means of a dispersive delay line,
often based on angular dispersion from diffraction gratings or prisms. After am-
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Spatially encoded arrangement (SEA-) SPIDER measurements of a few-cycle
Ti:sapphire oscillator. (a) SEA-SPIDER interferogram. (b) Measured spectral
intensity (black) and reconstructed spectral phase (red). (c) Fourier-transform-
limited (black) and reconstructed (red) temporal intensity of the pulse. The pulse
durations (full width at half-maximum) are 6.6 and 7.6 fs, respectively.

plification, the pulse is temporally recompressed by using an inverse dispersive
delay line, or compressor, that compensates for the dispersion introduced by the
stretcher and the propagation through the other amplifier elements. Obtaining
peak performance from such a scheme requires a reliable and rapid method to
characterize the output. Accurate characterization of the output pulses enables
the optimization of the parameters of the system, such as the distance between
the two gratings of the compressor and the angle of incidence of the input beam
on the gratings. The usual optimization parameters in such an application are the
duration of the recompressed pulses, since the peak power scales as the ratio of
the energy per pulse to the duration, and the temporal contrast, since prepulses
can hinder the control or observation of the physical processes of interest, for ex-
ample the ionization of a target. Examples of optimization of CPA systems can
be found in [10,11]. Figure 2 presents an example of CPA optimization obtained
with spectral phase interferometry for direct electric-field reconstruction (SPI-
DER) [11]. The spectral phase of the output pulse from a Ti:sapphire CPA sys-
tem is plotted before and after optimization. The compressor optimization con-
sisted in adjusting the angle of the diffraction gratings relative to the input beam
and the relative distance between the two gratings. The large cubic spectral
phase gives rise to significant prepulses, and the compressor optimization leads
to a better pulse shape with a higher peak intensity.

The bandwidth of an optical pulse can be increased while maintaining a deter-
ministic phase relation between different spectral components by means of vari-
ous nonlinear optical processes such as self-phase modulation and harmonic
generation. All of these require careful compensation of the spectral phase in or-
der to lead to an output pulse with a shorter duration than the input. Further,
these processes are dynamically complicated and sensitive to the details of the
input pulse shape. Therefore, even characterizing the raw output pulse before re-
compression can be a difficult task [12—15]. Figure 3 shows the characteristics of
a filament pulse compressor that allows the generation of high-energy ultrashort
optical pulses [16]. The output pulses have complicated spectral and temporal
structures, and correlation between time and frequency can be visualized in the
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Characterization of the output pulse from a CPA system. (a) Spectrum of the
pulse (solid curve), the spectral phase when the two-grating compressor is mis-
matched with the stretcher, inducing a large third-order spectral phase (long-
dashed curve), and the spectral phase after optimization (short-dashed curve).
(b) and (c), respectively, show the temporal intensity of the pulse with third-
order spectral phase and after optimization.

Wavelength (nm)

Figure 3
';r r5
S’; (b) 300 1000
Pl —
— @ N
~ ] T 800
3 §'° 0T £
S a © 3
z & ® 5
2 2 2 3
k3] o 0.5 [ 5& g
C —_
= g w
[}
(7]
Q.
» 004+ ! . >
- - 10
10 3 300 1000
s ](e)
2 F5 =
= 2 104 —~ E - 800
< o) foT ¢
s a S 3
> 0.5 5 5 5
2 H L[58 o
9 a 054 £ 2 600
< = o w
g F-10
o
0.0 ; » 00 500

60 40 20 0O
Delay (fs)

20

1
40

. T T T T
200 300 400 500 600 700

Frequency (THz)

-20

0

-10
Delay (fs)

Output of a dual-stage plasma filament compressor under different experimental
conditions. (a) and (d) show the temporal intensity, (b) and (e) are the corre-
sponding spectral representations of the electric field, and (c) and (f) are spec-
trograms in the time—frequency space (courtesy of G. Steinmeyer).
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chronocyclic time—frequency space by calculating the spectrogram of the output
electric field.

Shaped pulses, sometimes of a quite complex temporal structure, are now com-
monly used to both probe and manipulate fundamental processes in atoms and
molecules [17,18]. For instance, the study of primary processes in biologically
relevant systems via ultrafast microscopy is now quite common. The details of
the pulse shapes usually contain important information about the dynamical pro-
cess under study, and this information, residing in both the temporal amplitude
and the temporal phase of the field, can be extracted only by using modern tech-
niques of metrology. For example, the important phenomenon of the self-action
of intense optical pulses in nonlinear media gives rise to a complicated set of dy-
namics that has analogs in many branches of physics. The study of the changes in
the shape of pulses propagating through such media provides access to these dy-
namics. Optical pulse shaping can also be used to generate trains of pulses useful
in optical telecommunications or to generate shaped electrical waveforms after
optical-to-electrical conversion by a photodetector. Figure 4 displays the inten-
sity of a train of pulses generated by an optical pulse shaper based on a liquid
crystal spatial light modulator placed in a zero-dispersion line.

There are also important technological applications of metrology. In optical tele-
communication systems, such metrology is used to characterize modulators and
the dispersion of fiber links. The propagation of light pulses carrying bits of in-
formation from transmitter to receiver demands long-distance transmission
through various passive and active elements. Both linear processes (e.g., the
frequency-dependent transmission and phase of the medium) and nonlinear pro-
cesses (e.g., the intensity-dependent index and absorption) modify the electric
field of the pulses, and these effects must be quantified in order to maximize the
overall system performance. There is also a need to optimize the shape of the
pulses that are used, which are typically carved from a continuous-wave (cw)
quasi-monochromatic source by a modulator. Although telecommunication
pulses typically have durations ranging from 1 ps to 1 ns, the deleterious effects
of propagation are significant because propagation distances of the order of
1000 km in a physical medium can be involved. Moreover, the pulses used in
state-of-the-art commercial and research optical telecommunication systems are
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Intensity of a train of optical pulses generated by an optical pulse shaper. The
intensity was measured by nonlinear cross-correlation with a short unshaped op-
tical pulse (courtesy of A. M. Weiner).
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beyond the reach of all-electronic characterization. Further, temporal phase in-
formation is also needed. A review of high-speed diagnostics for optical tele-
communication systems is presented in [19], and some examples of diagnostics
used in the telecommunication environment can be found in [20-23]. Figure 5
presents results of a pulse carver optimization using a real-time pulse character-
ization diagnostic based on linear spectrograms [24]. The electric field of the
output of a Mach—Zehnder modulator driven by a 20 GHz sinusoidal RF drive
depends on the phase difference between the two arms of the interferometer,
which is controlled by a continuous voltage. The modulation format can be set to
33% return to zero (8 ps pulses with identical phases) or 67% carrier-suppressed
return to zero (17 ps pulses with a 7 phase shift between adjacent pulses). Data-
encoded optical signals require diagnostics that can acquire an invertible experi-
mental trace in a single shot or can gather statistically significant samples of an
optical waveform. Intensity sampling diagnostics use nonlinear cross-
correlation schemes, while sampling systems based on homodyne detection are
sensitive to the electric field of the waveform under test. These diagnostics are
not detailed in this review, and relevant references can be found in [19].

Thus ultrafast metrology continues as an active field of research. In this review,
we outline the basic approaches to pulse-field measurement and describe in de-
tail several of the most popular and powerful methods. The aim is both to sum-
marize the state of the art in this rapidly moving field and to provide sufficient
analysis and design criteria that a researcher may begin to implement these
methods in the laboratory.

1.2. Historical Developments

Considerable insight into the field can be gained from a look at the history of
ultrafast metrology. Therefore we outline in a more or less chronological order
the major advances over the past nearly four decades, since the invention of
mode locking. To prefigure the structure of the review, the chronology is given in
terms of several threads that have led to distinct techniques.
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(@) (b) (c)
Characterization of a pulse train from a Mach—Zehnder modulator driven by a
20 GHz RF drive. (a) Temporal intensity and phase of a 33% return-to-zero train
of pulses. (b) Temporal intensity and phase of a 67% carrier-suppressed return-
to-zero train of pulses, with the expected 7 phase shift between successive
pulses. (c) Pulse train measured when the bias of the modulator is set at an in-
termediate value between the values that lead to the pulse trains represented in
(a) and (b). The upper plots in (a) and (b) are the corresponding experimental

data from which the electric field is reconstructed.
|
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Of course, much has been written on the subject in recent years, and a number of
excellent reviews of a few methods exist. A review of pulse measurement meth-
ods prior to 1974 can be found in the article by Bradley and New [25]. A review
of concepts for shaping and analysis of short optical pulses can be found in a
1983 article by Froehly and coworkers [26], and a summary of methods available
up to 1990 in the chapter by Laubereau in the book edited by Kaiser [27]. In
more recent developments, a comprehensive description of frequency-resolved
optical gating (FROG) is given in a book edited by Trebino [28], and a broader
treatment of the field in the context of ultrafast optics is to be found in the book
by Diels and Rudolph [29].

For pulses in the range of several picoseconds or longer, the temporal intensity
can be measured by using a streak camera or a photodiode. Combined with a
measurement of the spectrum of the pulse, this information can be used to pro-
vide a reasonable characterization. For pulses in the femtosecond and indeed at-
tosecond range such methods are not possible, in part because detectors that can
absorb across the spectral range of these pulses are not always available, but
mostly because direct photodetection is not fast enough.

Thus a different approach is required, one that avoids the need for fast detectors.
Nonetheless, it is clear that something with a response time as brief as the pulse
itself is needed, and the initial work in the field made use of the most obvious
short event to hand—the pulse itself. This was used to synthesize a rapidly re-
sponding material excitation by means of the nonlinear optical responses of sev-
eral common processes and materials. This trend has continued, though it is now
understood that measurements using linear systems may also provide sufficient
information to measure a pulse field.

Historically, the lack of fast detectors led to the adoption of nonlinear optical
processes for the purposes of pulse characterization. An early technique, and one
that dominated the field for many years, was the measurement of the intensity
autocorrelation of a pulse. This relies on the observation that the efficiency of a
nonlinear process (such as second-harmonic generation) is higher for higher in-
put intensities. Thus the second-harmonic signal when a pair of pulses is inci-
dent on a nonlinear crystal is greater when they arrive at the same time, as op-
posed to when they arrive separately. Therefore a measurement of the second-
harmonic power as a function of the delay gives an estimate of the pulse
duration. Although it is possible to determine something of the time dependence
of the phase of the pulse from more sophisticated versions of the autocorrela-
tion, it is not possible to get a complete map. Nonetheless, it was also understood
that the temporal structure of the pulses was strongly dependent on the spectral
phase, and various representations of the pulse were developed to help visualize
this and to develop new methods of measurement. Among the most fruitful of
these was the spectrogram, consisting of a time—frequency map that plotted what
was called the instantaneous frequency of the pulse.

Many current methods of metrology borrow heavily from methods developed in
other branches of optics, notably imaging and testing. The strong analogy be-
tween space and time in Maxwell’s equations was employed first in metrology in
the concept of the “time lens.” This employs a temporal phase modulator (a time-
domain analog to a spatial phase modulator—a lens) and a dispersive delay line
(a frequency-domain analog to free-space propagation) to generate a time-
stretched replica of the input pulse whose temporal intensity can be measured by
using a relatively slow detector.

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 316



The ideas of time—frequency representations have proved to be one of the most
lasting in metrology, through both spectrography and its cousin sonography. The
former builds on the original notion by developing methods to measure the spec-
trum of sequential time slices of the test pulse. The latter, in contrast, measures
the time dependence of adjacent spectral slices. The relationship of these time—
frequency (or chronocyclic) representations to various pulse measurement
schemes has been an important source of ideas in ultrafast metrology.

The most common form of spectrography relies on the idea that the nonlinear
mechanism used to measure an autocorrelation effectively provides a time gate.
Since the second-harmonic intensity is largest when the two replicas of the test
pulse overlap in time, this mechanism can be thought of as the test pulse select-
ing a time slice of itself. Resolving the spectrum of the resulting second-
harmonic radiation, rather than simply measuring the total second-harmonic
power, then provides more information than the autocorrelation alone. This no-
tion was developed in various ways, but a major breakthrough came when it was
realized that the pulse field could be retrieved from spectrograms measured in
this way by using methods from image processing. This idea forms the basis of
one of the currently popular nonlinear methods—frequency-resolved optical
gating. This form of spectrography has spawned numerous offspring, buoyed by
the discovery of a powerful inversion algorithm based on the recognition that a
matrix representation of the spectrogram should be of rank one. This allows
powerful singular value decomposition methods to extract the most appropriate
fields by iteration.

Sonography has also developed considerably since its first demonstration con-
temporaneously with frequency-resolved optical gating. Sonography requires a
detector of reasonable speed, usually synthesized by using a nonlinear mecha-
nism, and pulse reconstruction can be accomplished rapidly by using a deter-
ministic algorithm applicable to a modified sonogram or an image-processing-
related iterative inversion.

A second analogy from optics that has proved equally fruitful for pulse charac-
terization is interferometry. This is a well-known and sensitive method for ex-
tracting phase information about an optical field and is commonly employed in
precision metrology. The measurement of the time-dependent phase of an opti-
cal pulse was first demonstrated by interfering it with a reference pulse of known
character. In this case, a source with a narrowband spectrum provides a usable
reference. This is analogous to using a point source as a reference wave in optical
testing. It is possible to make this into a self-referencing interferometer by se-
lecting the narrow frequency band for the reference from the test pulse spec-
trum. This is analogous to the generation of a spatial reference wave in optical
testing by selecting a single point from the input beam. The temporal interfer-
ence pattern obtained by combining different frequencies from the test pulse
spectrum, recorded for example by using a cross-correlation (synthesized by us-
ing the same nonlinear mechanisms as had been developed for the autocorrela-
tor), enables the relative phases of the two spectral components to be deter-
mined.

A different approach to interferometry avoids the need for a fast detector and is
instead based on measurements made in the frequency domain. In spectral inter-
ferometry, a test pulse is gauged by using a known reference, and the phase dif-
ference extracted by using a noniterative algorithm. This method, first applied to
the measurement of pulse distortions through propagation, was shown to be an
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extremely sensitive tool for pulse characterization, capable of attaining the quan-
tum limit for photodetection. The proposal of self-referencing spectral interfer-
ometry showed how the lack of a known reference pulse could be circumvented
by interfering the test pulse with a frequency-shifted (or spectrally sheared) ver-
sion of itself and measuring the resulting two-pulse spectrum. A nonlinear
implementation of this idea—SPIDER—retains the direct and unique inversion
characteristic of interferometry with the ability to acquire and process data on
individual laser pulses at rates up to 1 kHz. This opens the way to measurements
of statistical properties of pulse trains.

The final optical imaging analogy that has proved useful in pulse measurement is
chronocyclic tomography. In this approach, the pulse field is reconstructed from
a set of spectra after phase modulation. The name comes from the idea that these
spectra represent projections of the chronocyclic phase-space representation of
the field in the form of a Wigner function. The phase modulation serves to rotate
the phase space, thus giving a series of one-dimensional sections of this two-
dimensional entity. Further analogs from optical imaging have been used to de-
velop simplified versions of this method that require significantly fewer mea-
surements at the cost of some assumptions about the character of the input
pulses. One of the earliest attempts to reconstruct pulse fields this way was to use
the dispersive properties of glass to temporally stretch the pulse, then to deter-
mine the time dependence of the stretched pulse intensity by using an intensity
cross-correlation with the unstretched pulse. This idea was further extended by
using phase retrieval algorithms. Several approaches to tomographic pulse re-
construction have also been made by using self- and cross-phase modulation to
achieve the phase-space rotation, coupled with measurements of the spectrum of
the modulated pulse. Because the nonlinear mechanisms involve an ancillary
pulse that must have a known (if not precisely controlled) shape, the best ap-
proach to inverting such measurements also makes use of iterative image pro-
cessing algorithms.

Although most of the development of metrology for ultrafast pulses has made
use of nonlinear optical processes, this turns out to be an artifact of the time
scales involved rather than a fundamental restriction. In fact, it has been shown
that complete characterization can be achieved by using entirely linear optical
filters, such as spectrometers and temporal modulators. The only requirements
are that the apparatus consist of at least one filter with a time-stationary response
(e.g., a spectrometer) and at least one with a time-nonstationary response (e.g., a
phase modulator) [30]. All of the above-mentioned classes of measurement can
be formulated in this way. It is only in recent years, however, that it has been pos-
sible to get active optical elements that have time and modulation scales appro-
priate for operating on subpicosecond pulses. Nonetheless, since modulation
and photodetection with sub-100 ps response times are required for a 40 Gbit/s
optical telecommunications system, these elements are also available to build
linear methods that have proved very useful in assessing the performance of sys-
tems and components in this application. Interferometric, spectrographic, and
tomographic methods have been implemented by using linear temporal modula-
tors and spectral measurements, with time-integrating or “slow” detectors (i.e.,
with electrical bandwidths much less than 40 GHz).

If one goes beyond purely integrating detectors that measure only the energy of
a pulse or the power in a pulse train, it is possible to achieve a different sort of
measurement by using linear optics. In this case, using linear filters, one can, for
example, select two different frequencies from the pulse spectrum and mix them
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on a fast photodiode. The phase of the resulting modulation of the photocurrent
is closely related to the phase difference of the two optical components.

The subsequent sections of this review deal with each of these approaches in de-
tail, providing both an analysis of the methods and a description of the current
state of the art. To begin, a general analysis of pulse characterization is described
in Section 2. This covers all known methods and indicates the necessary mini-
mum conditions that all apparatuses must satisfy in order to operate success-
fully. The following sections describe each of the major approaches in turn:
spectrography in Section 3, tomography in Section 4, and interferometry in Sec-
tion 5. Some current areas of research are described in Section 6, together with
the conclusions.

2. General Principles and Concepts of Pulse
Characterization

2.1. Concepts and Protocols

What apparatus is required to characterize an optical pulse? Given the plethora
of techniques purporting to achieve this aim, it is worth considering what are the
necessary and sufficient conditions that must be satisfied by any method that
provides a complete specification of an ultrashort pulse field. It is possible to for-
mulate such conditions quite generally in terms of the theory of linear filters.
The fact that this is possible already implies that apparatuses based entirely on
linear optical elements are capable of pulse characterization, something that was
not appreciated until relatively recently [31]. In practice, many of the popular
methods make use of nonlinear optical processes, but this is because it has
proved difficult to construct linear filters of the correct character or response
time, rather than for any fundamental reason.

The inversion protocols for extracting the pulse shape from measured data are
also made clear by working with linear transformations, which allows a catego-
rization of different experimental methods and the development of a catalog of
what is possible in principle. An important feature introduced by the use of non-
linear optics is that the inversion algorithms can become more complicated. In
some cases they remain deterministic, but in others an iterative search for a so-
lution satisfying the twin constraints of the signal form and the data must be
implemented. Thus the two major considerations in pulse characterization are
the physical arrangement of the linear and nonlinear components and the inver-
sion procedure [32].

2.1a. Representation of Pulsed Fields

Before describing how pulse measurement methods operate, it will be well to set
out some definitions and to delineate exactly what we mean by pulse character-
ization. An electromagnetic pulse may be specified by its electric field alone, at
least below intensities that give rise to fields that will accelerate electrons to rela-
tivistic energies. Thus a useful notation is that of the analytic signal, whose am-
plitude and phase we seek to determine via measurement. The (real) electric
field of the pulse is given in terms of the analytic signal by
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e(t)=E@) +E*(1), (2.1)

where E(¢) is an analytic function of time (and space, although we suppress other
arguments here for clarity). The signal £ is taken to have compact support in the
domain [T, T], and we shall refer to it henceforth as the “field of the ultrashort
pulse.” The analytic signal is complex and therefore can be expressed uniquely
in terms of an amplitude and phase,

E() = |E(t)|lexpli 1) Jexp(ihy)exp(— iwyt), (2.2)

where |E(%)| is the time-dependent envelope, wy, is the carrier frequency (usually
chosen near the center of the pulse spectrum), ¢A¢) is the time-dependent phase,
and ¢, a constant, known as the “carrier-envelope offset phase.” The square of
the envelope, 1(t)=|E(?)|?, is the time-dependent instantaneous power of the
pulse, which can be measured if a detector of sufficient bandwidth is available
(note that absolute measurement of the instantaneous power is usually not re-
quired, and most pulse characterization diagnostics return a normalized repre-
sentation of this quantity). The derivative of the time-dependent phase accounts
for the occurrence of different frequencies at different times, i.e., (7)
=—39i/ ot is the instantaneous frequency of the pulse that describes the oscilla-
tions of the electric field around that time. The frequency representation of the
analytic signal is defined by the Fourier transform

Elw) = |E()explid(w)] = detE@efwr, 2.3)

so that £ (w) =E (w) +E *(—w). Note that E contains only positive frequency com-

ponents, since E(t)=[(dw/ 2m)E(w)e . This is therefore a reasonable de-
scription for the field of pulses propagating in charge-free regions of space, for

which the pulse area [7,dre(1)=€(0) must be zero. Here |E(w)| is the spectral
amplitude and ¢(w) is the spectral phase. The square of the spectral amplitude,
I(w)= ]E (w)|?, is the spectral intensity (strictly speaking this quantity is the spec-
tral density—the quantity measured in the familiar way by means of a spectrom-
eter followed by a photodetector). The spectral phase describes the relative
phases of the optical frequencies composing the pulse, and its derivative d¢p/ dw
is the group delay 7(w) at the corresponding frequency, i.e., the time of arrival of
a subset of optical frequencies of the pulse around w. A pulse with a constant
group delay, i.e., a linear spectral phase, is said to be Fourier-transform limited
because it is the shortest pulse that can be obtained for a given optical spectrum
[33].

A single pulse is said to be completely characterized if the function E(¢) is
known on the domain [—7, 7. In practice one usually adopts the approximation

that the pulse is also characterized by the function £(w) on the domain [w,
-0, wy+], where () is a frequency that is large compared with the bandwidth
of the source (i.e., large compared with the inverse of the coherence time of the
source). The sampling theorem prevents a function from having compact sup-
port in both domains, but it is usually a reasonable approximation to truncate the
spectral function at large frequencies, where the spectral density falls below the
noise level of the detector. With this approximation, all integrals are usually for-
mally extended from — to +oc. Figure 6 presents the temporal and spectral rep-
resentations of a Gaussian pulse with flat spectral phase, a quadratic spectral
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Figure 6
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Representations of a pulse in the (a) spectral and (b) temporal domains. The tem-
poral phase has been removed for clarity.

phase $®w?/2, and a cubic spectral phase ¢ w?/6. The impact of these differ-
ent phases on the temporal profile of the pulse can also be seen.

2.1b. Correlation Functions and Chronocyclic Representations

The analytic signal describing a pulse field is not sufficient to specify the char-
acter of an ensemble of pulses. For example, each pulse from an amplifier sys-
tem may be, indeed probably is, slightly different from its predecessor and suc-
cessor, and thus each pulse represents a different realization of the ensemble. A
complete specification of the ensemble is given by the probability distribution of
the field at each point in time. However, it is usually sufficient to specify a set of
correlation functions of the field, since experiments can be described in terms of
a fairly small number of such functions.

The lowest order of these is the two-time correlation function C(¢,¢')
=(E(t)E*(t')), where the brackets indicate either a time average over the pulse
train or an ensemble average over repeated experiments. Note that C(¢,¢') is not
the same as the correlation function that is derived from the pulse spectral inten-

sity | E(w)|? via the Wiener—Khintchine theorem. In that case, the Fourier trans-
form yields the reduced correlation

o0 oo

C'(D=| diCt,t+7)= £|E((o)|ze"m. (2.4)

—o0 —o0

This obviously contains no more information than the spectrum itself, in con-
trast to C(¢,¢"), which encodes dynamical correlations in the electric field across
the pulse.

A knowledge of the two-time correlation function allows one to determine
whether the pulses in the ensemble are coherent, that is, to determine whether
they have the same pulse field. A useful number characterizing the similarity of
the pulses in the ensemble is the degree of temporal coherence, defined by [34]
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jfalzalt’lc(t,t’ﬂ2
m= 2
{ f dtC(t,t)]

When this number is unity, all pulses are the same, and values smaller than 1lin-
dicate various degrees of statistical variations in the pulse ensemble. In the case
of identical pulses, the correlation function factorizes and the ensemble may be
characterized by a single pulsed field. The analytic signal may be extracted from
a single line of the correlation function, since E(z) o C(z,1,).

. (2.5)

Similarly, one can define a two-frequency correlation function C, which is the
double Fourier transform of its temporal counterpart, by

Clw,0") ={(E(0)E* (o). (2.6)

For application to interferometry, it is most useful to consider correlation func-
tions written in terms of center- and difference-frequency variables,

C(Aw,w0) = (E(wq+ Aw/2) EXwe— Awl2)), (2.7)
and similarly in the time domain,

C(te,At)=(E(to+ At/12)E*(t0— At/2)), (2.8)

where w=(w+w')/2, Aw=w—o', t-=(t+1")/2,and At=t—1t'. An obvious way
to measure correlation functions is to make repeated measurements of the elec-
tric field of the individual pulses that make up the realizations of the ensemble.
From a large set of such measurements it is possible to estimate the statistics of
the pulse field of the ensemble, or at least to determine some of the lower corre-
lation functions. This has been done in several cases, and the fluctuations in
pulse shape from a chirped-pulse amplifier system have been systematically
characterized [35,36].

Beyond this approach, though, the correlation functions are difficult to measure.
The reason is that the measured signals are functionals of the two-time correla-
tion function and cannot always be simply inverted. This problem is usually ig-
nored, and it is assumed from the beginning that the pulse train may be described
in terms of a field. This makes possible more or less straightforward inversion
algorithms.

Whether or not the pulse train is coherent, it is nevertheless useful to consider
metrologic schemes in the two-dimensional space of the correlation function.
The reason is that the output of all absorptive detectors is proportional to bilinear
functional of the pulse field, and thus a linear functional of the two-time corre-
lation function. However, it is frequently productive to work with a variation of
the correlation function that uses the two-dimensional chronocyclic space (¢, w).
The intuitive concept of time-dependent frequency can be most easily seen
within this space.

One approach to defining a representation of the pulse in the chronocyclic phase
space is a Fourier transformation of the correlation function with respect to the
time difference of the two arguments:
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t t' o
W(z,w)=fdt’ E(H— 5)E*<t—5) el . (2.9)

W can be calculated equivalently from the frequency representations of the ana-

lytic signal:
do' | . o'\ o' .,
W(t,w)=f— Elo+— |Elwo—— ] Je ™" (2.10)
2 2 2

The function W is known as the “chronocyclic” Wigner function [37,38]. Other
time—frequency representations of the pulse are also possible, and can be related
to the Wigner function via convolution. Particularly useful features of the
Wigner function are that it is real valued and that its marginals are the temporal
and spectral intensities

dw
I(1) = |E(t)|2=f ;W(t,w), (2.11)

I(w)=E(w) = f dtW(t,w). (2.12)

Note also that the Wigner function is sufficient to characterize both individual
pulses and partially coherent pulse ensembles. It is not in general positive defi-
nite, and cannot therefore be considered a probability distribution of the pulse
field. Indeed, negative Wigner functions are quite common even for simple pulse
shapes and also characterize many of the complicated pulse shapes that are in
current use in, say, quantum control. For example, the Wigner function of a pair
of phase-locked Gaussian pulses is negative over a significant region of the
phase space. The restrictions on the pulse duration and bandwidth required by
Fourier’s theorem are inherent in the Wigner function, and there is a minimum
area of the chronocyclic phase space that it may occupy.

Some examples of chronocyclic Wigner functions for common pulse shapes are
shown in Fig. 7. The Wigner function of a Gaussian pulse with a flat spectral
phase does not show a correlation between time and frequency. However, with a
quadratic spectral phase (i.e. a linear group delay), the Wigner function acquires
a slope indicating the correlation between time and frequency, and its contours
provide some intuition about the pulse chirp via a graph of the time-dependent
frequency. The Wigner function of a pair of phase-locked Gaussian pulses and a
Gaussian pulse with cubic spectral phase take some negative values, although
their marginals are, as expected, positive quantities.

2.2. General Strategies for Pulse Characterization

2.2a. Linear Systems Model and Photodetection

The oscillations of the electric field € are too fast to be directly resolved by pho-
todetection. Photodetectors are intrinsically square-law detectors, sensitive to
the intensity of optical waves but not to their phase. Indirect approaches are
therefore used to provide phase sensitivity with square-law photodetectors and
to resolve the shape of short optical pulses. The basic elements required for the
complete characterization of optical pulses are quite simple: at least one fast
shutter or phase modulator, a spectrometer or an element to temporally stretch
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Wigner functions of (a) a Fourier-transform limited Gaussian pulse, (b) a pulse
with Gaussian spectrum and quadratic spectral phase, (c) a pair of identical
Fourier-transform-limited Gaussian pulses, and (d) a pulse with Gaussian spec-
trum and third-order spectral phase. In each case, the temporal and spectral mar-

ginals are plotted.
_____________________________________________________________________________________|

the pulse via dispersion, and one or two beam splitters. One can think of all el-
ements except the beam splitters as two-port devices: a pulse enters at one port
and exits at another. There may be ancillary ports for control signals, such as the
timing signal for the shutter opening, for example, but these are essentially lin-
ear systems, in that the output pulse field scales linearly with the input pulse
field. Thus the input—output relations for these devices are all of the kind

EOUTPUT(t):fdt,H(tat,)EINPUT(t’)a (2.13)

where Enpyt and Equrpyt are the analytic signals of the input and output field,
and H is the (causal) response function of the device. We will specify the func-
tional forms of the common linear filters given above in subsequent paragraphs.

The beam splitter is a four-port device, having two input and two output ports.
The input—output relations for this device are well known, and the main utility in
pulse measurement applications is either in providing a means to generate a rep-
lica of a pulse (one input and two outputs) or to combine the unknown pulse with
a reference pulse (two inputs and two outputs), or as elements of an interferom-
eter in which phase-to-amplitude conversion takes place.

We take it that all detectors available have a response that is slow compared with
the pulse itself. For pulses with temporal structure of duration less than 100 fs or
so, this is usually the case. The measured signal from a square-law detector is
related to the incident field, for our purposes, by
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S(f) = i dt'R(t—1t")|E(t")|, (2.14)

—0o0

where R(?) is the detector response function, which is causal, real, and time sta-
tionary. When the detector has a response time 7 taken to be much longer than
the duration of the field £, but shorter than the time between pulses realizing an
ensemble, then the signal becomes a functional of the test pulse energy alone,
S=I§}Rdt’ |E(¢") = [~ dt'|[E(t")]>.

Linear filters may be separated into two classes: those with time-stationary re-
sponse functions and those with time-nonstationary responses. For the former
class, which includes the spectrometer and dispersive delay line, the shape of the
output pulse does not depend on the arrival time of the pulse. For the latter class,
which includes the phase modulator and the shutter, the output pulse shape
clearly depends on the timing of the input pulse with respect to the shutter open-
ing or the modulator drive signal.

Time-stationary filters are characterized by response functions of the form
H(t,t")=S(t—1t"), and a particularly useful class of time-nonstationary filters by
H(t,t')=N(t)8(t—1t"). Equivalently, in the frequency domain, these stationary

filters take the general form H (w,0")=S(w)8(w—w'), and the nonstationary the
form H(w,w')=N(w— '), where the tilde represents a Fourier transform.

We may postulate a general linear filter function in the form of a temporal
Fresnel kernel:

1 i
H(t,l")IJz——bexp[—i(atz—Ztt'-i-dt'z)], (2.15)
T

where a, b, and d are complex numbers (though real for phase-only filters). H is
unitary and satisfies

f dtH(t,t" Y H*(1,1") = 8(t' = 1"). (2.16)

Most common manipulations can be described by such a filter function; indeed,
an arbitrary response function may be constructed piecewise by concatenating
several such filters. Representative response functions for the various elements
named above, that facilitate analysis of all pulse measurement apparatuses, are
particular cases of this general kernel with elements a, b, d determined by the
action of the filter. Some particularly useful examples are the response functions
for

Shutter (time gate), NA(t—; 7,) = exp[— (1 — 7)%/ 75,], (2.17)
Linear phase modulator, Ni(t; V) =exp(iyVr), (2.18)

Quadratic phase modulator, NE(t; 2, 1) = explif® (¢t — /2],
9
(2.19)

Spectrometer, Sw—Q;T) = exp[— (w— Q)*T7], (2.20)
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Delay line, S‘f(w;qﬁ(l)) =exp(i¢Vw), (2.21)

Dispersive delay line, S’}Q)(w; d?, wp) =explid?(w — wg)?/2],
(2.22)

where N and S indicate that the response functions are associated with nonsta-
tionary and stationary filters, the superscripts 4 and P denote amplitude-only
and phase-only filters, and for phase-only filters, L and Q denote linear phase
modulation and quadratic phase modulation. Although the spectrometer’s re-
sponse function is not strictly causal, it can be made so by the introduction of a
suitable delay that has no physical significance in the measurement protocol
[39]. The various parameters characterizing these filters are the following.

= Gate: opening time 7, and duration of opening window 7,,

= Linear temporal phase modulator: frequency shift /"),

Quadratic temporal phase modulator: amplitude of quadratic phase
modulation /?, and time of phase modulation extremum 7

= Spectrometer: center frequency of passband (), and bandwidth I"

Delay line: delay ¢!

Dispersive delay line: group-delay dispersion ¢ at reference fre-
quency wg

Some of these parameters become variables in the measured signal function (for
example, the opening time of the gate or the center frequency of the spectrom-
eter passband), while other parameters might be constant (for example the gate
duration). The variable parameters are those on which the inversion is based. It is
therefore important to ensure that the number and type of filters are adequate to
the task.

2.2b. Measurement of the Marginals of the Wigner Function

Pulse energy spectrum. Possibly the simplest quantity that can be measured for
an isolated pulse is its spectrum. It is therefore also one of the most important,
since it can be used as a consistency check for all pulse characterization tech-
niques: the reconstructed spectrum must match an independent direct measure-
ment of the spectrum. The pulse spectrum is usually determined by the obvious
expedient of sending the pulse into a spectrometer (usually a grating spectrom-
eter is necessary to yield the necessary dispersion) and recording the output as a
function of the setting of the passband of the instrument, (). Then the spectrom-
eter output is

2 do _ N
S(Q;F):fdt’ fdt”SA(t’—t”;Q,F)E(t”) =f 2—|SA(w—Q)]21(w),
T

(2.23)

with $4(w) given by Eq. (2.20). When the bandwidth of the spectrometer is small
relative to the variations of the spectrum, the measured signal is simply the op-
tical spectrum of the source. It is clear that the signal measured in this way con-
tains no information about the spectral phase of the pulse and can at best lead to
the optical spectrum when the filter passband is significantly narrower than the
features of the spectrum of the pulse under test.
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It is of particular importance that an equation equivalent to Eq. (2.23) can be
written for all stationary filters; i.e., the output signal of a device built entirely
with stationary amplitude and/or phase filters does not depend on the spectral
phase of the pulse. The implication is that stationary-only filters are insufficient
to gather information on the spectral phase of an optical pulse and can at best
return information on the spectral intensity of the pulse.

In terms of the Wigner representation, the measurement of a pulse spectrum is
written as

dw
S(Q;F)=jfdt;W(t,w)WS(t,w;Q,I‘), (2.24)

where W(t, w;Q,I") is the Wigner chronocyclic representation of the spectrom-
eter response function, defined by

t t o
Ws(t,w;Q,I‘)Zfdt’SA<t—E;Q,F)SA(tJr 5;9,1")6“‘”. (2.25)

Equation (2.24) gives the same result as Eq. (2.23); that is, the measured signal is
the frequency marginal of the pulse chronocyclic Wigner function, which is the
spectrum of the source.

The important point is that all measurement techniques can be represented in
terms of the overlap of the Wigner function of the test pulse (or pulse ensemble)
and that of the apparatus. This provides an important insight into ways that the
experimental data may be inverted to obtain the pulse field itself, as discussed in
subsequent sections.

Measurement of the temporal intensity. The measurement of the temporal inten-
sity of an optical pulse is in some sense the conjugate operation of the measure-
ment of its optical spectrum. If the pulse under test is sent to a fast square-law
detector (or equivalently, a fast shutter followed by a time-integrating detector),
the measured output is

S(ry7,) = f di|N*(t = 7;7,) |*1(2). (2.26)

Because of the relatively slow response time of photodetectors, the measured
signal is usually only a blurred representation of the actual temporal intensity of
an ultrashort optical pulse. However, direct photodetection is commonly used
with longer pulses, such as the pulses used in optical telecommunication sys-
tems.

2.2c. Autocorrelations and Cross-Correlations

Intensity autocorrelation. The simplest technique for gathering at least moderate
quantitative information about the temporal structure of an ultrashort pulse is the
intensity autocorrelation. In a conventional autocorrelator, two pulse replicas are
mixed in a nonlinear material, and the average power of the generated beam
(measured with an integrating detector) is recorded as a function of the relative
delay between the two replicas. By assuming a functional form for the temporal
shape of the test pulse, one can estimate its duration from the autocorrelation
trace. Because of its simplicity, autocorrelation is by far the most common
method of measuring ultrashort optical pulses. However, the autocorrelation
trace by itself provides little more than an estimate of the pulse duration.
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A variety of schemes based on intensity correlation measurements were demon-
strated during the late 1960s and early 1970s [40—44]. One particular form, the
second-order intensity autocorrelation function (AC) became one of the stan-
dard techniques in the field for nearly two decades and is still in use today. This
technique uses the lowest-order nonlinear process available, and therefore oper-
ates at the lowest power possible for a nonlinear process. This is important for
making measurements of pulse trains from mode-locked laser oscillators, whose
energy is in the picojoule to nanojoule range. The most common approach to ex-
tracting information from this AC data, however, involves fitting an AC calcu-
lated from a specific pulse shape.

Consider a material (say, a crystal) with second-order nonlinearity and two op-
tical waves around the optical frequencies w; and w,. The nonlinear susceptibil-
ity x® links the second-order contribution to the nonlinear polarization to the
electric field of the two waves by

P(1) = xe,(0)e,(1). (2.27)

With sufficient intensity and proper phase matching over the entire bandwidth of
the two optical waves, a new optical wave is generated around the optical fre-
quency w;+m,, and its electric field is therefore given by

E5(1) = E\(DEy(1), (2.28)

where proportionality constants have been removed for clarity. This mechanism
is used for measurement in the following manner [Fig. 8(a)]. The pulse to be
characterized is incident on an interferometer that generates two replicas of the
pulse with an adjustable delay between them. The two pulses, whose fields are
related by E,()=E(¢) and E,(¢)=E(¢t—7), are then mixed in the nonlinear mate-
rial, and the pulse energy of the upconverted beam measured by using a square-
law, integrating detector. Separation of the upconverted signals from the inde-
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(a) Principle of an intensity autocorrelator where only the mixing signal between
the two relatively delayed replicas of the input pulse is measured. (d) Principle of
an interferometric autocorrelator where the total upconverted signal from two
collinear replicas of the input pulse is measured. (b) and (e) are, respectively, the
intensity and the interferometric autocorrelations of a pulse with a Gaussian
spectrum and a flat spectral phase, while (c) and (f) are, respectively, the inten-
sity and the interferometric autocorrelations of a pulse with a Gaussian spectrum

and a quadratic spectral phase.
|
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pendent mixing of each field itself is ensured by noncollinear operation, or by
using a type II crystal with orthogonally polarized replicas. The data consists of
a one-dimensional array of numbers representing the upconverted pulse energy
as a function of the delay and is represented here by the function AC(7). This is
related to the input field by

AC(r)=fdz|E(t)E(t—r)|2:Jdz](t)[(t—r). (2.29)

Such an apparatus therefore yields the intensity autocorrelation of the input
pulse. This gives an indication of the temporal extent of the intensity, but it can-
not distinguish the details of the pulse shape. For example, the autocorrelation is
fundamentally symmetric with respect to 7. In the case when the energy of the
upconverted signals [E,]* and [ E,]* is measured on the same broad-area, time-
integrating detector as the main signal £, E,, the autocorrelation signal is

AC%ﬂ=4Jﬁ0ﬂu—ﬂm+2f1@%n (2.30)

The background described by the second term on the right-hand side of Eq.
(2.30) can be useful as a check for the data, since AC’(0)/AC'(7—0)=3. Any
reduction from this value is a symptom of either misalignment or space—time
coupling in the pulse (that is, the pulse shape depends on the position in the
beam, so that ignoring the spatial dependence of the field is no longer valid). It
may also be a symptom that the pulse ensemble is not coherent, since incoherent
time-stationary backgrounds (such as amplified spontaneous emission from an
amplifier chain) gives a lower contrast ratio.

The AC described by Eq. (2.29) yields a direct measure of the root-mean-square
(rms) pulse duration Az, through the relation

szAC(T)dT ftzl(t)dt
AA-= =2 =2A7. (2.31)

JAC(T)dT f](t)dt

Although this relation is exact, it is usually preferred experimentally to estimate
the pulse duration by using a decorrelation factor assuming a functional form for
the intensity of the pulse. The particular shape is chosen either for simplicity
(such as a Gaussian) or on theoretical grounds (such as the secant hyperbolic,
which is a solution to the dynamical equations of a passively mode-locked laser).
Figures 8(b) and 8(c) show the intensity autocorrelations of a pulse with a
Gaussian spectrum with either a flat spectral phase (a Fourier-transform-limited
pulse) or a quadratic spectral phase. The Gaussian autocorrelations obtained in
both cases demonstrate that the autocorrelation by itself is not sufficient to de-
termine the structure of the electric field of the pulse. However, the pulse dura-
tion obtained from the AC combined with the bandwidth obtained from a mea-
surement of the spectrum thus determines the proximity of the pulse to
transform-limited duration. If the pulse is not transform limited, then these mea-
surements are insufficient to characterize the way in which the pulse is distorted,
and decorrelation is in general ambiguous [45—47]. Thus there are two difficul-
ties with inferring the pulse shape from AC-related measurements: the intensity
profile is not unique, and the chirp cannot be determined.

Interferometric autocorrelation. The AC is often extended to its so-called fringe-
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resolved form [48] by using a collinear setup [Fig. 8(d)]. One advantage of the
interferometric autocorrelation (IAC) is that it is sensitive to the phase of the
electric field. Another advantage is that the quickly varying fringes lead to a
natural calibration of the temporal axis, which is useful when characterizing
few-cycle pulses. The upconverted signal is given by

IAC(7) = f dtlE(t) + E(t— 7|*. (2.32)

The interferometric autocorrelation contains the intensity autocorrelation as
well as correlation terms of £(¢) and E(¢— 7). Since the field of the input pulse
oscillates at a frequency w,, the interferometric autocorrelation contains oscil-
lating terms at the frequencies w, and 2w,. These terms are phase sensitive and
can in theory be used to estimate the temporal phase present on an optical pulse
[49,50]. Figures 8(e) and 8(f) display the interferometric autocorrelations corre-
sponding to a Gaussian Fourier-transform-limited pulse and a Gaussian pulse
with a quadratic spectral phase. The interferometric autocorrelation is sensitive
to the temporal phase of the pulse, and the two autocorrelations have different
structures, although the corresponding intensity autocorrelations are similar.

Nth-order intensity autocorrelation and cross-correlation. While autocorrela-
tions provide a somewhat blurred version of the intensity of the pulse under test,
a better picture can be obtained from a higher-order intensity correlation func-
tion, such as

S,y (7) = f dtr'(t - DI(). (2.33)

If n is large enough, /" is of much shorter duration than /, and thus S, is a good
approximation to /. Since /" is often generated by using an nth-order nonlinear
process, this technique is not suitable for low-energy pulses. The Kerr effect can
be used for such correlation and is particularly useful for UV pulses [51,52], and
phase-matched parametric gain has also been used [53]. A wave-mixing process
is appropriate for determining the contrast ratio of pulses from high-energy am-
plifier systems, i.e., for measuring the intensity of the incoherent pedestal and
prepulses before the main pulse [54—56]. Typically, a probe pulse around the fre-
quency 2w, is generated from the test pulse around the frequency w, by using
sum-frequency generation. The quadratic dependence of the probe pulse inten-
sity on the input pulse intensity leads to a probe pulse with a better contrast than
the pulse under test. The two pulses are mixed by using a tripling process, and
the cross-correlation signal around the frequency 3w, is measured as a function
of their relative delay. The third-order cross-correlation is a somewhat blurred
representation of the intensity of the pulse under test, which can be measured
with excellent dynamic range, since the scattering of the interacting pulses at w,
and 2w, does not affect the measurement. The obtained traces need not be sym-
metric and can distinguish a prepulse (which can interact with a physical me-
dium before the main pulse) from a postpulse (which is usually of no conse-
quence). It is difficult to obtain the necessary high dynamic range with more
sophisticated pulse characterization instruments, and third-order cross correla-
tors are popular for high-dynamic-range measurements.

Another area where cross-correlations have been used extensively is pulse shap-
ing. Pulse shapers can transform an input pulse into a temporally shaped wave-
form with a temporal support much larger than the input pulse duration. In many
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cases, a description of the intensity of the output field is sufficient, and this can
be obtained by cross correlating the output waveform with a replica of the input
pulse (Fig. 4).

Finally, recovery of the intensity of a test pulse from triple cross-correlations of
the intensity has been attempted [57]. The temporal intensity can in theory be
reconstructed unambiguously from the two-dimensional triple correlation func-
tion measured as a function of the two relative delays between replicas of the test
intensity.

2.2d. Classes of Pulse Characterization Devices

Measurement devices may be categorized by the arrangements of filters through
which the test pulse is passed before being detected. A second classification in-
volves the type of algorithm that is used to extract the pulsed field from the ex-
perimental data. The data is a function only of the filter parameters, and there
should be a sufficient number of these, and of the right kind, that complete in-
formation about the test pulse is encoded in the data. The requirements that this
places on the apparatus will be laid out in this subsection.

The filters are characterized by a set of parameters {p;}. For example. the shutter
transmits any portion of the pulse that falls within a time window of duration 7,
near the opening time 7. Likewise the spectrometer transmits any portion of the
pulse that falls within a spectral window of width I" near the passband center fre-
quency (). The modulator adds a time-dependent phase onto the pulse, whose
magnitude depends on the modulation index /?, and the time of arrival of the
pulse compared with the peak of the modulation at time 7. The dispersive line
adds a spectrally dependent phase onto the pulse, whose magnitude depends on
the second-order dispersion ¢® and the position of the pulse spectrum with re-
spect to the reference frequency wy.

Although these are not the most general linear response functions possible, they
are sufficient for our purposes. Moreover, the categories they represent are com-
plete, in that any linear filter may be synthesized from a sequence of such filters.
A pulse measurement apparatus therefore consists of a sequence of filters in se-
ries or in parallel, or both, followed by an integrating detector, as shown in
Fig. 9.

Within this framework, the signal measured by a detector following a sequence
of such filters is a function of the filter parameters. It may be written as the over-

Figure 9
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General interferometer for optical pulse characterization. The test pulse encoun-
ters a sequence of linear filters, after (possibly) being split into two replicas at a
beam splitter. The combined outputs of the filters are incident on a square-law
photodetector, usually with a response much slower than the duration of the filter
response functions, and certainly much less than that of the input pulse.
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lap of the Wigner function of the pulse with a chronocyclic window function
F(t,w;{p;}) depending only on the properties of the arrangement of linear fil-
ters:

d
Do = | [ =it sip). 349

The action of F is to smooth the pulse Wigner function to yield a positive signal
measurable by a square-law detector. The trick is to design F such that I can be
recovered from the experimental data D. If /' is able, by suitable choices of the
p;» to explore all of the phase space occupied by the pulse, then D contains suf-
ficient information to reconstruct the pulse field. Indeed, this is both a necessary
and sufficient condition for characterizing the pulse. The window function
formed by a sequence of time-stationary filters can be shown to be dependent
only on frequency w, a window function formed using time-nonstationary filters
on ¢ alone. They do not generate a window function that can move throughout the
phase space. Therefore all apparatuses must contain at least one time-stationary
filter and one time-nonstationary filter. This is a necessary, but not sufficient
condition. These elements may be combined in a number of different ways for
pulse measurement. It is clear that the final filter (that is, the one immediately
preceding the detector), must be an amplitude filter (or at least not be a phase-
only filter), as phase-only filters will not change the detected signal. This re-
stricts the number of configurations of filters that are allowed.

If arranged in series, there are four combinations. Two of these belong to the
class of spectrographic measurements, and two to the class of tomographic mea-
surements. [f arranged in parallel, these elements give another four schemes. All
of the latter are based on interferometry: two in the time domain, and two in the
spectral domain. A final amplitude filter that is either a shutter (a time gate) or a
spectrometer (a frequency gate) enables a slow detector to measure the interfero-
gram. The full catalog of possible configurations is shown in Fig. 10: we de-
scribe each separately below.

It is instructive to revisit the autocorrelation in light of the chronocyclic repre-

sentation. It consists of a delay [time-stationary filter S’f (w; 7)=¢€"7] followed by
a shutter (time-nonstationary filter N“(¢)), so that the detected signal is

d
D(7)= f f dt;(:W(t,w)F(l‘;T)Z f dtl(t)F(t;7). (2.35)

The shutter response function, however, is the pulse field itself, so that N=E. It
is clear that £ does not provide the necessary phase-space coverage and that this
particular arrangement of filters is inadequate to characterize the electric field of
an optical pulse in a general manner.

2.2e. In-Series Filtering Measurements

Spectrography. Spectrography refers to schemes in which a simultaneous mea-
surement of the spectral and temporal intensity of the pulse is made. In particu-
lar, methods of this type are based on the measurement of the spectra of different
temporal sections of the pulse, or on the measurement of the temporal intensity
of different spectral sections (in which case it is known as a “sonogram”). For the
former, one needs a fast shutter opening at time 7(with a speed comparable with,
though not necessarily as fast as, the test pulse itself) followed by a high-
resolution spectrometer with passband at frequency () [Fig. 10(a)].
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Figure 10

_ SA(w;mc1)
Tyeel —| NAG) || Shoo) B TypeV NA(t:7)
0;0¢c2
(a)
(e)
Type Il —[Shw) [ v [ Twpe
(OX T o
Alt:
i '
- SP(:dM]  —
Type Ill —| Ng(t;w@))H SA@:0) }—.7 Type VII
NP(tw™)
(c)
(9)
_ SP(w:6™)
Type V—{Sgwd-{ N I Type Vit {=—=D{ WA |
NP (;w)
(d)

=

(h)

Linear filter description of type I to type VIII devices. Spectrographic devices,
based on two serial amplitude filters in conjugate variables, correspond to (a)
type I and (b) type II. Tomographic devices, based on a quadratic phase modu-
lation followed by an amplitude filter in the conjugate variable, correspond to (c)
type Il and (d) type IV. Interferometric techniques related to Young’s double-slit
experiment, with two amplitude filters in parallel followed by one amplitude fil-
ter in the conjugate variable, correspond to (e) type V and (f) type VI. Interfero-
metric techniques related to shearing interferometry, with two linear phase
modulations in conjugate domains in parallel, correspond to (g) type VII and (h)
type VIIIL.

For this arrangement, the Wigner function of the measurement apparatus is

do' - t t
Wit 0;{Q, 7}) =f ;\SA((»’ -Q))? f dt'NA(H- 5 T>NA*(t_ 7 T)
Xexpli(w' — w)t']. (2.36)

In the limit of narrowband filtering, i.e., |4(w’ ; Q)|*— 8w’ —Q), the apparatus
function occupies the minimum volume of phase space allowed by Fourier’s
theorem and therefore smooths the pulse Wigner function by the least possible
amount. In this limit, the signal may be written as

dw 2
D(Q, 7= f ;TdtW(t,w)WM(t—T,w—Q)= ‘ f dtE(t) N (t — Dexp(iQ1) | .

(2.37)

In this case, the experimental trace is the Gabor spectrogram with a window N*.
Provided the gate function N is known with sufficient precision, the signal is
directly invertible to the pulse field, although an iterative deconvolution algo-
rithm is usually required.
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The elements may also be used in the reverse order [Fig. 10(b)]. In this case, re-
ferred to as sonography, the test pulse first encounters a low-resolution spec-
trometer, then a very fast shutter. The Gabor sonogram is defined in an analo-
gous manner to Eq. (2.37) by

do' _ N o, 2
D(Q,7) = f;SA(w’—Q)E(w’)e""T , (2.38)

where this time the spectral gate is of the form of Eq. (2.20). Again, a fast shutter
may also be synthesized by a nonlinear optical process. In fact, it is clear from
the form of the integral kernel of the Gabor spectrogram why this is so: the gate
function is a time-shifted replica of the test pulse, and the product of the test
pulse with itself can be realized by sum-frequency generation in a second-order
nonlinear interaction.

The first method to provide complete information about an ultrashort optical
pulse used a shutter based on upconversion of the spectrally filtered (and there-
fore temporally stretched) test pulse with the test pulse itself. The shutter speed
is then equal to the duration of the test pulse, and something close to a sonogram
of the test pulse can be measured [58].

In measuring either spectrograms or sonograms, it is important that the first filter
encountered by the test pulse have low resolution in its appropriate domain (a
nominally slow shutter for spectrography, and a low-resolution spectrometer for
sonography), and that the second filter have high resolution (a high-resolution
spectrometer for spectrography and a fast shutter for sonography). This makes
the measured spectrogram or sonogram most similar to the true Gabor-type
spectrogram or sonogram of the test pulse.

As discussed previously, nonlinear optics is not a necessity for pulse character-
ization. Its use in spectrographic techniques when characterizing sub-100 fs
pulses is required because there is no other way to build a shutter with a similar
responses time. The test pulse itself is, ipso facto, the shortest-duration entity to
which the experimenter has access, thereby setting a lower limit on the shutter
speed. Because of this constraint, measurements of a sonogram of a femtosec-
ond optical pulse always have lower resolution than the corresponding spectro-
gram.

When nonlinear optics is used, the measured spectrograms are nonlinear func-
tionals of the test pulse Wigner function. A true spectrogram, such as the Gabor
spectrogram, is a linear functional of the test pulse and the known shutter re-
sponse Wigner function. Reconstruction of the pulse field from the Gabor spec-
trogram requires a deconvolution, but has in most cases a unique solution. Re-
construction of the pulse from nonlinear spectrograms requires an iterative
nonlinear deconvolution where the convolution function depends on the un-
known pulse. This problem might have multiple solutions. As a consequence,
much of the effort devoted to these techniques has concentrated on devising ro-
bust iterative algorithms for extracting the field from the measured quantity, and
this is discussed in Section 3.

An alternative approach to pulse reconstruction is to ensure that the apparatus
operates with parameters that allow approximate direct inversion. This is pos-
sible with sonography [59], for example, and methods have been suggested for
spectrography [60] as well as the spectrally and temporally resolved upconver-
sion technique (STRUT) [61,62].
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Tomography. Tomographic pulse measurement is based on the notion of the time
lens. This approach exploits the idea that the temporal intensity profile of the
pulse can be transformed into the spectrum by suitable (linear) manipulations.
The underlying principle can be illustrated by using the well-known dispersive
properties of a grating pulse stretcher, as illustrated in Fig. 11(a). In this device,
a pulse experiences a large group-velocity dispersion, since each wavelength
traces a different path through the grating pair. Although the different wave-
lengths each occupy a different spatial position within the beam (an example of
space—time coupling) after the second grating, a second pass through the appa-
ratus undoes the space—time coupling while doubling the dispersion. Thus at the
output of the stretcher the pulse duration is much longer than at the input, be-
cause each frequency in the pulse experiences a different transit time (or delay)
through the grating pair. The Wigner functions of a pulse before and after qua-
dratic spectral phase modulation ¢'* w?/2 are related by

Wourpur(t, ) = Winpur(t — P o, w). (2.39)

This corresponds to a shear of the chronocyclic Wigner function, as shown in
Fig. 11(b), which encodes the spectrum of the input pulse onto the temporal in-
tensity of the output pulse.

The inverse effect can also be made to happen. That is, the input pulse temporal
shape can be made to appear in the output pulse spectrum. This requires a time-
domain analog to a pair of gratings. Such a device turns out to be a temporal
phase modulator [Fig. 11(c)], which shifts the frequency of different time slices
of the pulse by different amounts, just as the grating stretcher shifts the time de-

Figure 11
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Representations of (a) the effect of dispersive propagation and (c) propagation in
a quadratic temporal phase modulator. (b) Dispersive propagation leads to a
shear of the chronocyclic representation along the time axis. (d) The quadratic
temporal phase modulator leads to a shear of the chronocyclic representation
along the frequency axis.
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lay of different spectral slices of the pulse by different amounts. Clearly the re-
sponse time of the modulator must be comparable with that of the pulse itself for
this operation to provide a unique mapping, and for this reason it is only recently
that such methods have begun to be practical in the picosecond and subpicosec-
ond regimes. The Wigner functions of a pulse before and after quadratic tempo-
ral phase modulation /?#*/2 are related by

Woutput(t, ®) = Winpur(t, 0 + 420). (2.40)

The effect of a quadratic temporal phase modulation is therefore to shear the
Wigner function along the frequency axis [Fig. 11(d)].

The combination of the temporal modulator and dispersive stretcher allows one
to perform an operation called “temporal imaging” by analogy to the operation
performed by an optical imaging system in the spatial domain. Consider a stan-
dard optical imaging device, consisting of an object placed some distance before
a lens, and an image plane (at which is placed a detector) some distance after the
lens. The underlying physics of image formation is that light from the object un-
dergoes diffraction in free space for a prescribed distance, then refraction by the
lens, then further diffraction before being detected. For the appropriate adjust-
ment of the distances and power of the lens, a magnified image of the object can
be formed. The time—frequency analog is that the grating stretcher plays the role
of diffraction and the temporal modulator the role of the lens. Using such a
setup, a temporally magnified image of the input short pulse can be constructed,
which is easy to measure by using detectors with response times much longer
than the input pulse.

2.2f. In-Parallel Filtering Measurements

Interferometry refers to the situation where the phase of the test pulse is encoded
into the intensity by means of mixing with a second pulse, which may be an an-
cillary reference pulse or the test pulse itself. These two categories are known as
“test-plus-reference” and “self-referencing” interferometry, respectively. They
are both direct techniques, in that it is possible to reconstruct the correlation
function in either the time domain or the frequency domain directly (i.e., nonit-
eratively) from the recorded intensity distributions. A general model of this cat-
egory of measurement devices may be developed in terms of a sequence of in-
parallel linear filters. In this model each pulse in the ensemble is split into two
replicas at a beam splitter, and each replica is independently filtered before being
recombined. The interference of the field from the parallel pathways introduces
structure on the output intensity distribution, which then carries information
about both the amplitude and the phase of the correlation function of the input
field. If the ancillary port of the input beam splitter is empty, then the interfer-
ometer is said to be self-referencing. Alternatively, if the ancillary port is used to
inject a characterized reference pulse, then it is possible to reconstruct the elec-
tric field of the test pulse in a rather straightforward manner [63,64]. Of course,
this approach requires one to first obtain a well-characterized reference pulse.

One significant advantage of direct techniques compared with phase-space tech-
niques is that the entire space over which the phase-space or correlation func-
tions are defined need not be explored if the pulse train is assumed to consist of
identical pulses. Only a single section of one quadrature of the (complex) corre-
lation function is necessary to obtain the electric field amplitude and phase, and
these are precisely what is recorded by direct techniques.

Test-plus-reference interferometry. The most common form of test-plus-
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reference interferometry is Fourier-transform spectral interferometry (FTSI)
[63,64]. In this approach, the test and the reference pulse are delayed in time
with respect to each other by 7 before combining at the input beam splitter. The
detected signal (interferogram) is then S(w; 7)=|E(w)+Ex(w)e "2, where Ej
and E are the spectral representations of the analytic signal of the reference and
the test pulse. The spectral phase difference between test and reference pulses is
encoded in the relative positions of the spectral fringes with respect to the nomi-
nal spacing of 277/ 7 and can be extracted by using a three-step algorithm involv-
ing a Fourier transform to the time domain, a filtering operation, and an inverse
Fourier transform. The phase of the reference pulse must then be subtracted,
leaving the spectral phase of the test pulse as required. A measurement of the test
pulse spectrum then provides sufficient information to characterize the pulse. In
common with all interferometric methods, the data set has one parameter, fre-
quency, and may therefore be collected by using a one-dimensional detector ar-
ray. This leaves the second dimension of a camera, for example, available for
coding information about other degrees of freedom of the test pulse, such as the
spatial phase. This method is therefore easily extended to full space—time char-
acterization of the test field, again provided that a suitable (i.e., fully space—time
characterized) reference pulse is available.

Self-referencing interferometry. It is possible to extract the phase of a field with-
out a known reference pulse by gauging one spectral or temporal component of
the field with another component. This is known as “self-referencing interferom-
etry.” In this approach, the goal is to reconstruct the correlation function in either
the time domain or the frequency domain directly (i.e., noniteratively) from one
or several recorded intensity distributions. In fact, when the pulse train is coher-
ent, it is necessary only to measure a section of the two-time or two-frequency
correlation function in order to reconstruct the pulse field [34].

The in-parallel amplitude-only filters select either two frequency or two time
slices of the pulse that beat together at the output of the interferometer. These are
the time-domain analogs of Young’s double-slit interferometer [Figs. 10(e) and

10(H)].

In the spectral domain [Fig. 10(e)], the center frequencies of the spectral filters
are w¢; and we, and each has the same bandwidth I". The selected frequency
components are recombined, giving rise to temporal fringes—or a time-
dependent modulation of the intensity—at the output. These are resolved by us-
ing a time gate or a fast shutter. The signal recorded by the square-law detector is
a function of the spectral filter center frequencies as well as the time of maxi-
mum transmission 7 of the time gate,

do
D(C!)Cl,(l)cz, T) = J dt NA(t_ T) f ;T[SA((I) - wCl)

2

+ 5w~ wey) JE(w)exp(— iwl) (2.41)

The detected signal takes on a particularly useful form when the passband of the
spectral filters is much narrower than the spectrum of the input pulses and the

time gate is short. In this case, the functions N(¢) and $/(w) may be replaced by
Dirac ¢ functions in the appropriate domains, and Eq. (2.41) simplifies to
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+ 2|Cz'(Aw, w)|cos{arg[5’(Aw, w)] - Awt},
(2.42)

where w=(w¢;+ ®)/2 and Aw=w¢; — we,. This is an interferogram, for which
the visibility of the fringes, occurring with nominal temporal period 27/Aw,

provides a measure of the magnitude of G(Aw,w). The location of the fringes

along the delay axis 7 provides a relative measure of the phase of C(Aw,w).
Each temporal beat note in the fringe pattern supplies enough information to re-
construct the two-frequency correlation function at the single point (Aw, w).

A complementary form of interferometer consists of an in-parallel fast time-gate
(time-nonstationary amplitude-only filters) followed by a spectral filter (time-
stationary amplitude-only filter), as pictured in Fig. 10(f). The two replicas of the
pulse are independently sampled with variable times, 71 and 72, before being re-
combined. The spectral beats, resulting from the overlap of the two time slices,
are resolved by a spectrometer. The resulting signal, for the case of a very fast
time gate and a very high-resolution spectrometer, written in terms of the center-
time (1=(71+72)/2) and difference-time (A¢=71—172) coordinates, is the tem-
poral interferogram

At At At At
D\t+—,t——Q|=Ilt+— | +1|t——
2 2 2 2

+2|C(¢,A1)|cos{arg[ C(¢,AD) ] + AtQ}.  (2.43)

The visibility of the spectral fringes, occurring at the spectral period 27/ A¢, is a
measure of the magnitude of the two-time correlation function at the point
(¢,At), while the position of the fringes is linked to the phase of the correlation
function.

A different class of interferometers makes use of a frequency shifter (a time-
nonstationary linear phase filter) and a delay line (a time-stationary linear phase
filter) arranged in parallel, followed by spectrometer after these signals are re-
combined [Fig. 10(g)]. The detected signal is a function of the delay ¢!, which
acts as a fixed parameter, as well as the center frequency of the spectrometer
passband, (2,

NP d_w,~P o (DN
Sw Q)f Ni(o— o, §")E(")

M 0. 40 fdw
D 0 = —
(Y @) Py Py

2
(2.44)

+5)(o, d)“))E(w)]

With the usual simplifying assumptions regarding the spectrometer resolution,
together with the frequency-shifting property of the idealized temporal phase

modulator Nf(w’ )= 8(w' + V), the signal simplifies to
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D Aw,wC—T;QS“) =1 wc+7 +1 wcT +2|C(Aw, ()|

~ Aw
X cosy arg[C(Aw, wp)]— ¢ wc= )

(2.45)

where Aw=y/V is the spectral shear and w-=Q+ ¢{!)/2 is the center frequency.
For a given shear the recorded interferogram maps out an entire line of the real
part of the two-frequency correlation function, in contrast to the previous
Young’s double-slit-type configurations. This section may be extracted by using
a simple and direct inversion algorithm that separates the interference term [the
third term in Eq. (2.45)] from the noninterferometric terms. This is easily ac-
complished by means of Fourier transforms, in a manner described in Subsec-
tion 5.3, for the case when the delay 7between the pulses in each arm of the in-
terferometer is sufficiently large. The key point here is that the spectral phase of

the test pulse, arg[&(Aw, w¢)], is encoded on the spacing of the fringes in the
interference term.

An entirely analogous argument may be made for temporal shearing interferom-
eters [Fig. 10(f)]. In this case, the delay line in one arm of the interferometer
causes the pulses on recombining at the second beam splitter to exhibit temporal
beats in their intensity that may be resolved by a fast time gate. This latter ele-
ment is the amplitude-only filter that replaces the spectrometer required in the
spectral shearing interferometer. In this arrangement, a temporal linear phase
modulator may be used to provide a temporal carrier for the two-time correlation
function in the interference term. This is accomplished by frequency shifting one
of the pulses with respect to the other by a shear ¢!’ and by introducing a rela-
tive delay Az between the pulses. The signal detected as a function of 7, the delay
of the time-nonstationary gate, which is assumed to be of infinitesimal duration,
is then

At At
At
X cos arg[C(tC,At)]—t/f(l) ZC—? , (2.46)

where t-=7+At/2 is the center time. A similar algorithm as described for the
spectral shearing interferogram may be used to extract the temporal phase of the
test pulse in this case. In practice, however, it is very difficult to provide a short
enough time gate to enable this method to work. Nonlinear optical interactions
that cross correlate the interferogram with the test pulse will not provide enough
temporal resolution to resolve the fringes. Therefore this method is restricted to
pulses whose duration is long enough that an externally controlled time gate,
such as a telecommunication pulse carver, may be used. This is typically in the
regime of several tens of picoseconds or longer.

2.2g. Joint Measurements

There are several modifications to the methods that have allowed some headway.
The spectrum of the pulse helps in determining whether the pulse is close to the
Fourier-transform limit and is an obvious second piece of data that is relatively
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easy to measure. Several iterative schemes have been developed to extract the
pulse shape from a correlation and the spectrum [50,65-67]. They provide vary-
ing degrees of success in extracting the pulse fields, but all share the same char-
acteristic that they are very sensitive to noise in the data [46].

Attempts at retrieving the electric field of the pulse from a set of intensity auto-
correlations measured after various amounts of second-order dispersion have
been made [68,69]. The use of the intensity autocorrelation in the temporally re-
solved optical gating (TROG) technique, instead of a direct intensity measure-
ment, significantly increases the complexity of the retrieval compared with to-
mographic techniques.

Deterministic changes of the spectral phase of the pulse with a pulse shaper have
also attracted some attention. For a given spectrum, the autocorrelation signal at
7=0 is maximized by a flat spectral phase. Since this signal can be measured di-
rectly by doubling the pulse and measuring the energy of the converted pulse
with a photodetector, an iterative algorithm can be used to modify the spectral
phase and maximize the measured signal. For a given pulse, the spectral phase
introduced by the pulse shaper when the maximum is reached corresponds to the
opposite of the spectral phase of the input pulse, therefore leading to a measure-
ment of the phase by adaptive pulse shaping [70]. In a multiphoton intrapulse
interference phase scan (MIIPS), the spectrum of the upconverted signal is used
as a feedback mechanism when a spectral phase is scanned across the spectral
support of the pulse with a pulse shaper [71]. Iterations are required for accu-
rately determining the spectral phase of the input pulse: the pulse shaper is also
used to introduce a static spectral phase that attempts to compensate the spectral
phase of the input pulse, and a specific multiphoton intrapulse interference phase
scan trace is obtained when the shaper output pulse is Fourier-transform limited.

2.3. Conclusions

There are three general classes of measurement techniques for characterizing ul-
trashort optical pulses—spectrography, tomography, and interferometry—
which lead to eight devices consisting of the smallest possible number of optical
elements (two spectrographic, two tomographic, and four interferometric). All
of these devices contain at least one time-stationary and one time-nonstationary
filter, which may be linear in the input field.

The two spectrographic methods measure a smoothed version of the chronocy-
clic Wigner function by using sequential amplitude filters to make a simulta-
neous measurement of time and frequency. Tomographic methods measure pro-
jections of the chronocyclic Wigner function onto the frequency variable,
following the application of a quadratic phase modulator to the input pulse. This
serves to rotate the phase-space distribution of the pulse, so that a measurement
of its modified spectrum reveals information about its initial orientation, and
hence chirp. The data, consisting of a set of projections of the Wigner function
for a range of phase-space rotations, can be deterministically inverted to retrieve
the Wigner function itself.

Self-referencing interferometric techniques measure a point or a section of the
two-frequency or two-time correlation function. A single section of either func-
tion is adequate for reconstructing the underlying electric field. Interferometers
work by splitting each pulse in the ensemble into two replicas at a beam splitter,
independently filtering the replicas, and then recombining them at a second
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beam splitter. The interference of the parallel pathways introduces structure on
the output intensity distribution, which then carries information about both the
amplitude and the phase of the correlation function. There are two interferomet-
ric devices that are analogs of Young’s double slits: either two spectral or two
temporal slices are taken of the input pulse and fringes recorded in the temporal
or spectral domains, respectively. Since these devices require time gates that are
short compared with the input pulse duration, they are difficult to implement for
femtosecond pulses. A more useful approach is via shearing interferometry. In
this case, one of the pulses is shifted in frequency (or in time) with respect to the
other, and an interference pattern recorded in the spectral (or temporal) domain.
The simple and direct inversion algorithm gives a provably unique solution to
the problem of pulsed field reconstruction.

3. Spectrography

3.1. Introduction

Some of the earliest attempts at measuring the chirp of optical pulses were based
on spectrographic concepts. Such ideas also underpinned the first attempts at
precisely characterizing the electric field of pulses. The concept of “chirp” was
developed for microwave pulses and refers to the existence of a time-dependent
instantaneous frequency—or, equivalently, a frequency-dependent group
delay—in which all of the frequencies of the pulse do not arrive at the observer
simultaneously. In 1971, Treacy quantified this quantity for pulses from a mode-
locked Nd:glass laser by measuring the time of arrival of spectral slices of the
pulse [72]. This recording allowed the first evaluation of the optical chirp, which
had been known for microwaves for some time. A description of early develop-
ments can be found in [26]. Different implementations of the same concept were
then developed and are usually referred to as time-resolved spectroscopy
[73-75]. Another precursor to the spectrographic techniques used nowadays is
the measurement of optical spectra of the upconverted signal in an intensity au-
tocorrelator [76]. Chilla and Martinez’s implementation of sonograms using
nonlinear wave mixing in a crystal has inspired most setups for sonographic
measurements of femtosecond pulses [58]. Spectrograms and sonograms are
now widely used in ultrafast optics, and the development of phase retrieval al-
gorithms enables full recovery of the amplitude and phase of the electric field
without prior assumptions as to its functional form. The best-known example of
this class of measurements is frequency-resolved optical gating (FROG) [28]. In
this section, we describe the principles of spectrography, the apparatuses re-
quired for measuring spectrograms and sonograms, and the approaches available
for extracting the pulse field from the experimental data. We also give some ex-
perimental implementations of these concepts adapted to ultrafast optics.

3.2. General Implementation of Spectrography

3.2a. Definitions

Spectrographic techniques aim at measuring simultaneously the arrival time and
frequency of an optical wave, that is, a joint representation of the Fourier conju-
gate variables time and frequency. In the most general case, the measurement
yields a time—frequency distribution that is uniquely related to the input pulse
field. The usual approach to this measurement is to perform a sequential gating
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in the time and frequency domains by using a time-nonstationary and a time-
stationary filter. The time-nonstationary filter can be delayed in time by a quan-
tity 7 with respect to the test pulse, and the transfer function of the time-
stationary filter can be tuned along the optical frequency axis by an amount ().
The measured quantity is therefore a function of these two variables, which have
to be varied to cover completely the entire chronocyclic phase space occupied by
the pulse. This permits a faithful estimation of the pulse time—frequency distri-
bution. If the two filters are in sequence, and the second has very high resolution
(i.e., is either a fast shutter or a narrowband spectral filter), this approach can be
considered to make a simultaneous measurement of the time and frequency of
the pulse.

Figure 12 shows two typical arrangements for spectrographic measurements
consisting of two sequential filters. In Fig. 12(a) the first filter is a time-
nonstationary device modulating the electric field with a gating function g, and

the second filter is a time-stationary filter described by R. The gating function
can be delayed in time by a delay 7 relative to the pulse under test, and the sta-
tionary filter can be scanned in frequency, () describing a parameter relevant to
this filter, for example the center of its passband. The signal measured by a time-
integrating detector is

fth(t)g(t—T)exp(iwt) 2, (3.1)

do .
S(T,Q):f ;T|R(w—Q)|2

where the two integrals extend from — to +o0 in the time and frequency do-
mains. The second filter is chosen to have a high resolution, which in this case
implies a spectrometer capable of resolving all the features of the optical spectra
after they pass through the first filter. This choice leads to minimal blurring of
the spectrogram, and therefore more reliable inversion. From a formal point of
view, the transfer function of the stationary filter may be replaced by a Dirac
function, so that the measured experimental trace becomes

2

S(7,Q) = “th(t)g(t— 7)exp(iQe)| . (3.2)

This quantity is by definition the spectrogram of the electric field £ measured
with the window or gate g [37].

Figure 12
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T
Approaches for the measurement of (a) a spectrogram and (b) a sonogram. The
spectrogram is measured by first gating the pulse with a time-nonstationary filter
and measuring the optical spectrum as a function of the optical frequency and
relative delay between the pulse and the gate. The sonogram is measured by first
filtering the pulse with a time-stationary filter and measuring the temporal inten-
sity as a function of time and the position of the spectral filter.
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The order of the stationary and nonstationary filters can be inverted, so that the
measurement is that of the temporal intensity of the pulse after spectral filtering
[Fig. 12(b)]. The signal measured by a time-integrating detector is in this case

2

do . .
‘S’(T,Q):fa’t|g(t—7')|2 f;TE(w)R(w—Q)exp(— iwt) (3.3)

where g is the impulse response of the time gate and R is the transfer function of
the spectral filter. If the time-gating nonstationary filter has sufficient resolution
to reveal all the temporal features of the spectrally filtered pulse, its response
function can be formally replaced by a Dirac function and the experimental trace
is
2

(3.4)

do _ N
S(7,Q) = ‘f;E(w)R(w—Q)exp(— iwT)

This quantity is by definition the sonogram of the electric field E measured with

the spectral filter R.In practice, the measured sonograms are often given by Eq.
(3.3) (where the nonstationary filter can be a function of the test pulse) instead of
Eq. (3.4). For example, nonstationary filtering of femtosecond pulses is often
provided by cross-correlation with another pulse, usually the unknown pulse un-
der test itself [77]. Spectrograms and sonograms should be understood as mak-
ing simultaneous measurements of the time and frequency degrees of freedom
of the test pulse. Note that the spectrogram and sonogram given by Egs. (3.2)
and (3.4) are mathematically equivalent, and the spectrogram calculated from
the temporal representations £(f) and g(¢) is the sonogram calculated from the

spectral representations E(w) and §(—w). Mathematical properties of these
time—frequency distributions can be found, for example, in [37].

3.2b. Wigner Representation

The spectrogram of Eq. (3.2) and the sonogram of Eq. (3.4) can be written as a
double convolution of the Wigner function of the test pulse W with the Wigner
function of the apparatus W,:

S(7,Q) = det—WE(t @ YW(t' = 1,00~ w'). (3.5)

The spectrogram is the result of the measurement of the Wigner function of the
pulse in the chronocyclic space (w, 7) with a measurement device having an in-
strument function equal to the Wigner function of the time or frequency gate.
(Note that although a Wigner function may have negative values, the convolution
of two Wigner functions is always nonnegative, so that the signal is always a
physically realizable quantity.) Varying the delay 7and frequency () is equiva-
lent to moving the instrument function around the chronocyclic space. It is clear
that this motion must encompass the portion of the chronocyclic space where the
Wigner function of the pulse under test has nonzero values. It is usually desirable
to have an instrument function of area as small as possible in the chronocyclic
space to provide minimal blurring of the measured Wigner function. However,
the size of the support of any Wigner function has a lower bound; i.e., the area of
the chronocyclic space where it is nonzero is larger than . This lower bound
arises from Fourier’s principle; if it were not so, there could exist an apparatus
Wigner function that was highly localized in both time and frequency and that
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would, therefore, be able to measure with high precision the time and frequency
variables. This contradicts Fourier’s theorem concerning conjugate variables. In
fact, a rapid time-nonstationary filter realizes good temporal resolution but pro-
vides little spectral information about the test pulse. Its Wigner function has a
correspondingly small extension in the temporal variable, but large spread in the
spectral variable. In contrast, a narrowband time-stationary filter as used in the
sonogram provides good spectral resolution but little temporal resolution, and its
Wigner function has small extension in the spectral variable but large spread in
the temporal variable. The spectrogram and sonogram are therefore always
blurred versions of the Wigner function of the pulse under test, in the way de-
scribed by Eq. (3.5).

3.2c. Chiro Representation

The first-order moments of the Wigner function can be linked to the group delay
and instantaneous frequencies defined from the first derivatives of the spectral
phase and the temporal phase of the electric field. The first-order moments of the
spectrogram are by definition

fdQQS(T,Q)

Qn)=—"", (3.6)
fdQS(’T,Q)
deTS(T,Q)

T(Q)=—". (3.7)
deS(T,Q)

One can show that

f dt' Ip(t") (1" = [ Qp(t") + Q' — 7)]
Qg1 = , (3.8)

f dt' I (t" ), (t" — 7)

f do' (@) ,(Q — o)[TE(e") = T,(Q — o')]
TS(Q) = 5 (3-9)
f do'I5(0"),(Q - o)

where the subscripts £ and g refer to the test pulse and the time-nonstationary
filter, so that, for example, /4(¢) is the temporal intensity of the test pulse, and
T,(w) the frequency-dependent group delay of the response function of the non-
stationary filter. Because of the symmetric role played by £ and g in the defini-
tion of the spectrogram, these moments depend identically upon the properties
of the pulse and the gate, and the ability of a spectrogram or sonogram to repre-
sent chirp in the test pulse is linked to the properties of the gate. The first-order
frequency moment of a spectrogram measured with a rapid time gate (with real
response function) is the instantaneous frequency of the pulse, given by
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oy
QS(T):QE(T):_E(T)' (3.10)

A spectrogram implemented with a gate that is narrowband and real in the spec-
tral domain leads to the equivalence of the spectrogram group delay and the test
pulse group delay:

d¢p
Ts(ﬂ):TE(Q)=£(Q)- (3.11)

Figures 13(a) and 13(b) display the spectrogram of a Gaussian pulse with
second- and third-order dispersion calculated with a real gate. Note that the
ridge of the spectrogram follows a curve corresponding to the group delay in the
pulse, which is a straight line for second-order dispersion and a parabola for
third-order dispersion. As expected, the negative values of the Wigner function
in the latter case have been washed out in the convolution process. The ability of
the spectrogram and sonogram to represent chirp in an intuitive manner finds ap-
plication in signal representation and processing. They are time-tested concepts
and are still in use today.

3.3. Inversion Procedures for Spectrographic Techniques

The basic problem behind the inversion of the spectrogram is the determination
of a relevant quantity describing the train of pulses under test (e.g., chirp, elec-
tric field, or Wigner function) from the measured time—frequency distribution. In
some implementations of spectrographic techniques, the gate is unknown; for
example it can be a function of the pulse under test itself in FROG, where the
time-nonstationary filter is synthesized by a nonlinear interaction with a replica
of the unknown pulse under test. The inversion approaches are classified here as
chirp retrieval, Wigner deconvolution, and phase retrieval.

3.3a. Chirp Reftrieval

A quantitative assessment of the chirp of the test pulse can be obtained from a
spectrogram or sonogram by calculating its first-order moments by using Egs.

Figure 13
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(a) (b)
Spectrogram of a pulse with (a) second-order dispersion, i.e., a linear group de-
lay and (b) third-order dispersion, i.e., a quadratic group delay. The group-delay

function has been overlapped on the spectrogram in each case.
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(3.10) and (3.11), or simply by locating the delay at which the spectrogram has a
maximum for each frequency or, equivalently, the frequency at which the spec-
trogram has a maximum for each delay (assuming that the pulse structure is sim-
ply enough that the maxima are unique). These properties were understood very
early on and are at the basis of the works of Treacy [72] and Chilla and Martinez
[58], who determined the group delay as a function of frequency for an optical
pulse by spectrally filtering the pulse and determining the time of arrival of the
wave packets centered at the corresponding frequencies. Precise estimation of
the chirp is made difficult by the fact that the second-order moments of the time—
frequency distribution along one axis increase significantly when tight filtering
is performed along the conjugate variable [37]. For example, a spectrogram
measured by using a short nonstationary filter leads to a large spread of the spec-
trogram along the frequency axis, which means that the practical determination
of the instantaneous frequency requires a very high signal-to-noise ratio. An-
other limitation of this approach, in common with many methods, is that the
chirp and the group delay are measures of the derivative of the phase with re-
spect to time or frequency, respectively. To extract the full phase of the test pulse
field, it is necessary to integrate the measured quantities, which can be done
when the support of the field is continuous but is difficult otherwise. Such an ap-
proach would not perform well, for instance, in the characterization of pulses
with disjoint spectral or temporal support or pulses with phase jumps (an ex-
ample of the latter is a train of pulses used in telecommunication, such as carrier-
suppressed return-to-zero pulses where adjacent pulses differ by a 7r phase shift

[78]).

3.3b. Wigner Deconvolution

There is in principle a more direct way to extract the field from the spectrogram.
When the gate response function is known, the corresponding apparatus Wigner
function W, is known, and the Wigner function of the pulse under test can in
principle be obtained by inverting the convolution of Eq. (3.5) [79]. The steps
necessary to perform such an operation are the calculation of the double Fourier
transform of the measured spectrogram or sonogram, the division of this quan-
tity by the double Fourier transform of W,, and the calculation of the inverse
double Fourier transform of the obtained quantity, which leads to the Wigner
function of the test pulse, followed by the calculation of the electric field of the
test pulse from its Wigner function. However, direct deconvolution is highly sen-
sitive to the precision with which the gate response function is known and to the
signal-to-noise ratio and is prone to error at points in the phase space where the
Fourier transform of the Wigner function of the gate takes zero values. Further,
this approach does not take into account additional information such as the de-
gree of coherence of the test pulse ensemble, nor can it easily include any as-
sumptions about this. Therefore this approach is not widely used in practice.

3.3c. Phase Retrieval

The two-dimensional deconvolution method described in the previous subsec-
tion does not make use of the fact that the underlying quantity of interest is the
one-dimensional electric field. In the common case where the test pulse en-
semble is coherent, so that the test pulse field is well defined, the two-
dimensional spectrogram or sonogram is a function of two one-dimensional
functions describing the gate response and the test pulse field. This redundancy
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in the data may be put to good use. It is possible to make use of this fact to effect
iterative deconvolution algorithms that work at lower signal-to-noise ratios than
direct deconvolution.

The retrieval of £ and g is equivalent to the retrieval of the phase of the short-
term Fourier transform [dE(t)g(t— 7)exp(i{)¢). The spectrogram is by definition
the modulus square of the latter quantity, and once the short-term Fourier trans-
form is known, both £ and g can be obtained by Fourier transformation. Spec-
trogram inversion therefore falls into the category of phase retrieval problems.
These problems have been studied extensively in optics, owing to the fact that
common square-law detectors, such as charge-coupled device arrays (CCDs)
used in imaging, provide only intensity information. Various phase retrieval al-
gorithms have been used for such inversion in the context of imaging, and phase
retrieval for ultrafast optical metrology can be traced back to the spectrogram in-
version by Kane and Trebino [80] and the later sonogram inversion by Wong and
Walmsley [39]. The general approach to iterative inversion is to locate the inter-
sections of two sets of two-dimensional functions corresponding to two con-
straints. The first constraint is that the modulus square of the short-term Fourier
transform must match the experimentally measured spectrogram. The second
constraint is that the experimental signal should be consistent with the func-
tional form of spectrogram of a pulse gated by a gate; i.e., it can be written as Eq.
(3.2) or (3.4). There can also be additional constraints, such as the functional de-
pendence between the pulse and gate, or the spectral characteristics of the field
or gate. Since the two sets of constraints are not convex, convergence is not guar-
anteed, but iterating by projecting the solution at each step onto each set has
proved a robust way of inverting the spectrogram. Projection on the set of func-
tions satisfying the modulus constraint is easily performed by replacement of the
modulus with the square-root of the measured spectrogram. Projection on the set
of functions satisfying the spectrogram mathematical form was initially per-
formed by using an error minimization algorithm [81]. A more efficient algo-
rithm to achieve this task is the principal component generalized projection al-
gorithm (PCGPA) [82,83] (Fig. 14).

The principal component generalized projection algorithm works in the follow-
ing way: assuming one has a pair of functions (E,,g,) at iteration n, the outer
product E,(#)g,(t") is first calculated as a matrix (with row and column indices
indicated by discretized values of # and ¢"), and the short-term Fourier transform
[dtE,(1)g,(t—1)exp(i€df) is then calculated by a sequence of row rotation and

Figure 14

SVD Generate
(power method) P En®andan(®) B e product
Row rotate to outer Row rotate to
product form Measured S(t,Q) time domain
IFFT columns to ] Apply intensity . FFT columns to
time domain constraint frequency domain

Block diagram of the principal component generalized projection algorithm.
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Fourier transformation. The modulus constraint is then applied by replacing the
modulus of the calculated short-term Fourier transform with the square root of
the measured spectrogram, retaining its phase. This new complex matrix under-
goes the inverse of the operations applied to its predecessor. It is rendered into
outer-product form, as required by the signal constraint, by means of a singular
value decomposition (SVD) of the two-dimensional matrix. This decomposes
the matrix into a sum of outer-product (i.e., rank one) matrices. The outer prod-
uct corresponding to the largest eigenvalue is kept, and the corresponding eigen-
vectors are used as the set of solutions (E,,,g,.,) for the next iteration. In prac-
tice, this singular decomposition is slow, and an approximate decomposition is
obtained by using matrix multiplications (power method). This algorithm does
not use an explicit relation between the pulse and the gate, and is therefore re-
ferred to as “blind.” The algorithm yields in principle both the characteristics of
the pulse and gate, and this is useful for implementations of spectrographic tech-
niques where the pulse and the gate are not related, for example in cross-
correlation FROG and linear spectrograms and sonograms. Some theoretical
cases of ambiguity in this approach have been reported [84], though these can
usually be removed using additional knowledge such as the optical spectrum of
the test pulse or the relation between the pulse and the gate, as is often the case in
FROG. The knowledge of the specific link between gate and field has been suc-
cessfully inserted into the algorithm for polarization-gate FROG and second-
harmonic generation (SHG) FROG [83,85].

3.3d. Ambiguities, Accuracy, Precision, and Consistency

Ambiguities. An ambiguity in phase retrieval arises when more than one phase
function can be assigned to the reconstructed field while satisfying all con-
straints of the inversion problem. Consider, for example, the spectrogram

2

2
= ‘fdtg*(— HE* [ (t— 7)]exp(iQe)| .
(3.12)

It is clear that the pairs [E(¢),g(f)] and [g*(—7),E*(—t)] are always solutions of
the same phase retrieval problem, regardless of the inversion algorithm. This is
called the time-reversal ambiguity, because both a specific pulse and gate and
their time-reversed versions produce the same spectrogram. Ambiguities may
arise particularly in blind deconvolution when no prior or side information about
the pulse or the gate is available. Often it is possible to obtain such information
experimentally by measuring the optical spectrum of the pulse, for example.
Further, in cases where the gate is a prescribed function, say using a temporal
modulator with an external drive signal unrelated to the test pulse, it is possible
to make use of the independently measured gate function for a range of different
test pulses.

S(7,Q) = ’ f dtE(t)g(t — m)exp(iQde)

Equation (3.12) demonstrates the important direction-of-time ambiguity of
SHG-FROG, as explained below in Subsection 3.5b. In this case, the gate is de-
rived from the test pulse so that g=F, and the inversion will yield either E(¢) or
E*(—t). This implies that a single SHG-FROG measurement cannot determine
the direction of time unless one has additional information about the test pulse
structure. Various studies on ambiguities for specific implementations of FROG
can be found in [28,86—89].

Accuracy. The accuracy of a diagnostic quantifies the similarity between the

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 348



measured quantity and the physical quantity. This can be specified only if a well-
known test pulse is available or by means of numerical simulations. There have
been no extensive studies of these for modern ultrafast spectrographic methods,
especially in the presence of noise or nonoptimal experimental conditions. Some
simulations relevant to this issue can be found in [90].

Consistency. The consistency of the inversion of a spectrogram or sonogram
specifies the degree to which the data reconstructed from the solution matches
the experimental data; i.e., it tells how well the inversion algorithm for the prob-
lem worked. The two constraints that are used in inverting the data yield their
own consistency criterion:

= The rms difference between the measured experimental trace and the
trace calculated from the retrieved solution, also known as the
“FROG error,” quantifies the match with the experimentally mea-
sured trace.

= The relative magnitude of the singular values given by the singular
value decomposition quantifies the match with the outer-product
form in the decomposition of the spectrogram: a single nonzero sin-
gular value corresponds to a perfect decomposition as an outer prod-
uct. The distribution of singular values may be used to evaluate the
convergence of the algorithm [91].

Precision. Evaluating the precision of a measurement device requires the ability
to compare several retrievals of the same quantity by the same device. In the case
of ultrafast pulse characterization, this may done in principle by characterizing
the same test pulse several times, with the underlying assumption that the en-
semble of test pulses is coherent, so that the electric field of each is the same. In
practice, it is much more useful to be able to evaluate the precision of a given
measurement from a single experimental trace. This obviously requires some re-
dundancy. In the case of spectrographic techniques, such redundancy is likely to
be present because of the size mismatch between the experimental trace and the
measured quantities. Redundant data can be used to evaluate precision in con-
junction with a statistical technique called bootstrapping, where multiple inver-
sions of the data are performed after removal of some of the data points [92,93].

3.4. Specific Implementation of Sonograms

3.4a. Treacy’s Sonogram

Among the earliest sonographic methods, Treacy’s sonogram [72] (also known
as the “dynamic spectrogram”) was implemented by using the angular disper-
sion of a diffraction grating to spread the spectrum of the pulse in space. Tem-
poral information about the arrival time of each spectral component was ob-
tained by using two-photon fluorescence in a dye cell. In the original
experiment, the dispersed pulse was correlated with a spatially inverted copy of
itself, therefore comparing the time of arrival of optical frequencies symmetri-
cally located on each side of a reference frequency. More recent implementa-
tions instead correlate the spatially dispersed pulse with a short pulse (for ex-
ample, a replica of the pulse under test).

3.4b. Measurement of Sonograms with Nonlinear Crystals

Sonogram measurement of ultrashort pulses nowadays makes use of nonlinear
crystals, which provide both reasonable signal amplitudes and appropriate tem-
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poral resolution [39,58,59,94]. A typical setup is illustrated in Fig. 15(a). There,
the test pulse is split into two replicas. One of the replicas is sent to the spectral
filter that acts as the stationary filter, for example a slit in a zero-dispersion line.
The output of this filter is cross correlated with the other (short) replica in a non-
linear crystal. The complete sonogram can be measured by scanning the fre-
quency of the spectral filter and the delay between the filtered replica and the
replica of the input pulse. One advantage of this implementation of the sono-
gram, as well as all subsequent implementations based on SHG, is that the ex-
perimental trace usually gives directly a good picture of the chirp. This is clearly
seen in Fig. 15(b), which shows the correlation between time and frequency in
the sonogram of a chirped pulse. As is shown below, implementations of spec-
trograms with SHG (SHG-FROG) do not benefit from such an intuitive struc-
ture. Martinez’s approach led to the measurement of the chirp of a colliding-
pulse mode-locking laser by using the determination of the group delay as a
function of the optical frequency.

Two-photon absorption has also been used to measure sonograms with high sen-
sitivity [95]. The setup is similar to the setup shown schematically in Fig. 15, but
it is necessary to remove the constant background arising from one-photon ex-
citation that is present on the traces. Real-time implementations of the sonogram
based on a scanning Fabry—Perot filter and a two-photon detector have also been
demonstrated [96].

3.4c. Spectrally Resolved Cross-Correlation

A spectrally resolved cross-correlation approach has also been used to charac-
terize femtosecond pulses. In this method, a narrowband reference pulse is gen-
erated from the test pulse by spectral filtering (for example, using a slit in a zero-
dispersion line). The field resulting from the cross-correlation between the
reference pulse and the unfiltered test pulse in a nonlinear crystal is then spec-
trally resolved by using a spectrometer. The resulting two-dimensional trace is

S(7,Q0) = Uth(t)ER(t—r)exp(iQt) 2, (3.13)

and is therefore the spectrogram of the pulse under test measured with a gate
equal to the field of the reference pulse. While such a trace is identical to a cross-
correlation FROG (X-FROG) trace (see Subsection 3.5b), it also appears that if

Figure 15
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(a) Measurement of a sonogram by using nonlinear optics and (b) measured
sonogram of a chirped pulse (courtesy D. T. Reid). The pulse under test is split
into two so that one replica is sent to the spectral filter and cross correlated with
the input pulse. This setup and variations on this setup can be used for either
chirp retrieval or phase retrieval. The sonogram plotted in (b) shows the familiar
time-to-frequency correlation indicative of the chirp of the input pulse.
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the gate response function is narrowband and real, the first moment of the spec-
trogram will lead to the group delay in the pulse following Eq. (3.11). This prop-
erty was used in [61], and a setup providing real-time measurements was dem-
onstrated in [62].

3.4d. Measurement of Sonograms with Fast Photodetection

Chirp measurements are important for optical telecommunications because of
the detrimental effect of chromatic dispersion and self-phase modulation in op-
tical fibers and the presence of time-varying phase modulation on the pulses
generated by lasers and modulators. Telecommunication pulses have low peak
power, and their polarization state can vary quickly, which makes diagnostics
based on nonlinear optics difficult to implement. Since these pulses often have
durations longer than a few picoseconds, time-resolved information can be ob-
tained by using a streak camera, for example. A streak camera can display a two-
dimensional image where one spatial direction corresponds to time (calibration
of the space-to-time correspondence is, of course, required) and the other direc-
tion corresponds to a physical spatial coordinate. A sonogram can therefore be
recorded by mapping the optical frequency onto a spatial coordinate at the Fou-
rier plane of a monochromator [Fig. 16(a)]. The pulse under test goes into the
monochromator (diffraction grating and imaging system) that maps the optical
frequency onto the spatial coordinate x. The streak camera maps the temporal in-
tensity onto spatial intensity along the y direction. The (x,y) image therefore
corresponds to the sonogram as a function of ) and 7. Sonograms measured
with fast photodetection have been used, for example, in the chirp evaluation of
various externally modulated lasers [74,97,98], the measurement of the chro-
matic dispersion of optical fibers [73,75], and the characterization of Raman ra-
diation generated by propagation of optical pulses in a fiber [99].

Figure 16

‘| Streak camera
and imaging

Diffraction

Input pulse grating
(a)
Train of pulses
under test Spectral
filter (2) Lock-in
amplifier
T(Q)

(b)

(a) Implementation of sonograms with a streak camera; (b) self-referencing
implementation of a sonogram in the telecommunication environment by RF

phase detection.
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A recent implementation of the sonogram for trains of pulses in the telecommu-
nication environment is based on phase comparison in the RF domain [100].
These trains of pulses usually have repetition rates f of the order of 10 GHz. As
shown in Fig. 16(b), the train of pulses under test is spectrally filtered at the op-
tical frequency ) (upper part of the setup) and detected by a photodetector with
bandwidth greater than f. This gives a RF signal whose phase is proportional to
the group delay for the group of frequencies around () selected by the spectral
filter. This phase can be measured by comparison with another RF signal at the
same frequency, generated by sending the unfiltered train of pulses to an identi-
cal photodetector (lower part of the setup); the two RF signals are downcon-
verted by mixing with an identical local oscillator running at a frequency close
to /. The measurement of the RF phase as a function of the filtered optical fre-
quency then yields the group delay in the pulse composing the pulse train. This
implementation uses conventional telecommunication and RF components, is
polarization insensitive, and generates its own temporal reference, all of which
are significant advantages. Further, telecommunication signals can have large
amounts of incoherent amplified spontaneous emission, and it has been sug-
gested that the measurement process is insensitive to this noise background.

3.4e. Sonogram with Phase Retrieval

While the previous implementations of sonograms are based on the simplified
retrieval of the chirp, it was pointed out by Wong and Walmsley that complete
phase retrieval could be performed on a sonogram, provided that the complete
trace of Eq. (3.4) is measured [39]. While the previous implementations typi-
cally use a narrowband spectral filter, this is not optimal for phase retrieval, and
the stationary filter should in that case have a bandwidth comparable with that of
the pulse under test. While spectrograms such as FROG are implemented with
an unknown gate, the gate used in sonograms can be characterized in the spectral
domain (e.g., by using a spectrometer to measure its transmission and using test-
plus-reference spectral interferometry to measure the phase induced on the fil-
tered pulse). The setup follows the general concept of the sonogram implemen-
tation, with a spectral filter such as a slit in a zero-dispersion line or a Fabry—
Perot filter and fast photodetection provided by a nonlinear cross-correlation
with the unfiltered pulse under test. Sonograms were also inverted by using the
principal component generalized projection algorithm [77]. In these approaches,
the time-nonstationary filter has finite duration and unknown shape. Deconvolu-
tion can be performed appropriately [101]. The phase retrieval can be used for all
sonograms, provided that the entire experimental trace is measured and the
transfer function of the stationary filter does not vary when its frequency is
modified.

3.4f. Single-Shot Sonograms

Single-shot sonograms require the acquisition of the two-dimensional sonogram
where the frequency and time variable are simultaneously scanned. Two experi-
mental implementations have been demonstrated.

The thick nonlinear crystal approach [102] follows lines similar to those devel-
oped in the poor man’s FROG and the GRENOUILLE devices, which are pre-
sented in Subsection 3.5 [103,104]. Phase-matching conditions in a nonlinear
crystal can be used to provide strong spectral filtering, therefore enabling, for ex-
ample, angular dispersion, while the nonlinearity itself provides the gating
mechanism. This was implemented in a type II crystal, following Fig. 17(a). The
combination of a cylindrical and a spherical lens magnifies the input beam in the
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Single-shot measurements of a sonogram using (a) a thick nonlinear crystal or
(b) a two-photon detector. In (a), encoding of time and frequency on the two spa-
tial coordinates is performed with noncollinear upconversion in a thick nonlin-
ear crystal. The pulse under test first travels through a cylindrical lens and a
spherical lens to shape the beam, then into a Wollaston prism. This assembly
generates two replicas of the pulse that are tightly focused in the vertical direc-
tion and spatially extended and noncollinear in the horizontal direction. After in-
teraction in a thick nonlinear crystal, the vertical direction and horizontal posi-
tion that correspond to the optical frequency of the upconverted field and the
relative delay between the two interacting waves are mapped into vertical and
horizontal positions with a combination of a spherical and cylindrical lenses. In
(b), the encoding of frequency on one spatial coordinate is performed with a dif-
fraction grating and a cylindrical lens acting on one replica of the input pulse.
The encoding of the relative delay between the different spectral slices of the
pulse and the input pulse acting as a temporal gate is obtained thanks to the non-

collinear interaction geometry on a two-photon array.
____________________________________________________________________________________|

horizontal transverse direction and focuses it in the vertical direction. A Wollas-
ton prism is then used to split the incoming pulse into two orthogonally polar-
ized beams that propagate at an angle. This therefore encodes the relative delay
between the two pulses on the horizontal spatial axis. The tight vertical focusing
in a type II KDP crystal (KH,PO,) leads to a SHG process that is mostly nar-
rowband along the extraordinary axis and broadband along the ordinary axis,
with a one-to-one relation between the output angle and the wavelength of the
extraordinary wave being phase matched. In other words, the crystal essentially
performs the narrowband spectral filtering along the extraordinary axis and
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gates the broadband pulse under test with the filtered pulse. Another combina-
tion of cylindrical and spherical lenses is used to map the vertical angle and the
horizontal position on a two-dimensional detector to allow the single-shot mea-
surement of the sonogram as a function of optical frequency and time.

Single-shot sonograms have also been measured by using the encoding of the
optical frequency on a spatial coordinate, using a zero-dispersion line and spa-
tially dependent time gating by correlation with the short pulse under test in a
noncollinear geometry on a two-photon detector [105,106]. Following Fig.
17(b), the pulse under test is spatially dispersed by using a diffraction grating
and a cylindrical lens so that the optical frequency is encoded on the horizontal
variable. A short reference pulse (in practice, a replica of the pulse under test) is
incident at the Fourier plane of the zero-dispersion line and produces a cross-
correlation signal on a two-photon CCD array, where the relative delay between
the two interacting pulses is encoded onto the vertical direction.

3.5. Specific Implementations of Spectrograms

Spectrogram measurement apparatuses can be classified by their implementa-
tion of the time-nonstationary filter and the specific measurement geometry.

3.5a. Early Attempts

One of the earliest attempt to measure a complete spectrogram used SHG as the
time-nonstationary filter [76,107,108]. The setup is an intensity autocorrelator
followed by a spectrometer that measures the upconverted pulse spectrum, an
experimental combination that is now referred to as SHG-FROG. In this case,
the gate is the pulse itself, and the experimental trace is related to the test pulse
field by

S(7,Q)= ‘ f dtE(1)E(t — 1)exp(iQdt) 2. (3.14)

No complete measurement of the spectrogram was performed in this early at-
tempt, and the experiment only demonstrated the influence of chirp on spectra
measured at different relative delays between the two replicas of the pulse in the
autocorrelator.

3.5b. Frequency-Resolved Optical Gating

A complete measurement of the upconverted spectra, together with a means for
inverting the data to extract the test pulse field, is generally referred to as FROG
(frequency-resolved optical gating). In this method, the time-nonstationary filter
is obtained via a nonlinear interaction in a medium with a nearly instantaneous
response. The spectrum of the output of the nonlinear mixing process is mea-
sured for all delays between the input test pulse replicas, and the pulse is recov-
ered from the measured spectrogram by means of a phase retrieval algorithm.
The reader is referred to [28,109] for extensive descriptions of this technique,
together with details of various implementations and experimental results. The
most popular experimental implementations are described in the following sub-
sections, with examples of an experimental trace in the case of a Gaussian pulse
with second- and third-order dispersion.
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Second-harmonic generation frequency-resolved optical gating. In SHG-
FROG, the pulse is mixed with a delayed replica in a nonlinear crystal with large
spectral acceptance, as indicated in Fig. 18 [60,110,111]. The experimental
spectrogram is

S(7,Q) = ‘ f dtE(t)E(t — 1)exp(i{dt) 2. (3.15)

SHG-FROG is more sensitive than most FROG techniques, and it can be used to
characterize ultrafast pulses from Ti:sapphire oscillators [7] and pulse trains in
the telecommunication environment [22,112,113]. Sensitivity can be enhanced
by using nonlinear interaction in waveguide structures [114]. SHG-FROG can
also be used to characterize extremely short pulses when various deleterious ef-
fects such as the dispersion of the nonlinear crystal and the nonuniform response
of the wave-mixing and spectral detection system are taken into account
[115,116], and, since second-order nonlinearities are widely available, it can be
used in the mid-IR [117].

SHG-FROG has a major drawback that is derived from the fact that the gate is
the electric field of the test pulse itself. This leads to a spectrogram that is rather
unintuitive, and the sign of a chirp is, for example, not visible on a SHG-FROG
trace. Inversion of a SHG-FROG trace is ambiguous in the direction of time, as
explained previously. The spectrograms of a Gaussian pulse with second- and
third-order dispersion are shown in Fig. 18. Determination of the chirp from
first-order moments of the SHG-FROG trace is not possible, and the traces are
both symmetric with respect to the relative delay 7. Issues due to the direction-
of-time ambiguity can be alleviated in various ways. Some prior knowledge of
the electric field of the pulse under test (e.g., knowing that the pulse is positively
chirped) or the introduction of a recognizable feature (e.g., a trailing pulse using
multiple reflections in a piece of glass) can break this ambiguity. Another ap-
proach is to perform an additional measurement of the SHG-FROG trace after
addition of chromatic dispersion of a known sign, but this is rather impractical in

Figure 18
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Top, implementation of SHG-FROG with a nonlinear crystal. Two replicas of the
pulse at w, are mixed, and the upconverted signal at 2w, is spectrally resolved.
Bottom, example of a SHG-FROG trace of a Gaussian pulse with (left) second-

and (right) third-order dispersion.
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applications requiring single-shot operation. The deleterious effects of limited
spectral acceptance of the nonlinear crystal can be compensated by numerical
correction of the experimental trace or by crystal dithering [118]. While
SHG-FROG is usually implemented in a noncollinear geometry, some collinear
SHG-FROG setups, useful when the experimental setup has some spatial con-
straints, have been investigated [119—-121]. Collinearity of the two replicas of the
pulse in the SHG crystal leads to an interferometric modulation of the experi-
mental trace, which can be used independently of the SHG-FROG trace for
phase retrieval [121-123]. A recent example of the application of SHG-FROG to
the determination of pulse formation in a nonlinear optical process is shown in
Fig. 19 [124].

Polarization-gate frequency-resolved optical gating. Polarization-gate FROG
(PG-FROG) uses the principle of the Kerr shutter [ 125]. The basic physical prin-
ciple is that cross-phase modulation is polarization dependent, i.e., the phase
shift induced by a pump pulse on a probe pulse depends on the relative polariza-
tion state of the two pulses. Consider the interaction of a low-energy probe pulse
with a high-energy pump pulse. The phase shift induced on the probe is ¢(%)
=(4an,L/N)Ipypp(t) if the pulses are copolarized, and Porruo(?)
=(47n,L/3N)py\p(2) if the pulses are orthogonally polarized. If the probe pulse
is polarized along x and the pump pulse is polarized along X+, there is an in-
duced time-dependent birefringence, and the probe after interaction is propor-
tional to E(£){(x+y)explipco(t) ]+ (X —y)explidortuol?) |}. The field transmitted
through an analyzing polarizer set along y is then E(){explidco(?)]
—explidorrro(t) ]}, which is proportional to E(f)Ipypp(f) for small birefrin-
gence. A gate proportional to Ipyyp(#) can therefore be implemented in such a

Figure 19
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SHG-FROG measurements of the evolution of an arbitrary input pulse into a
self-similar asymptotic similariton in an optical amplifier. (a) Experimental and
(b) theoretical temporal pulse intensities versus propagation distance. (¢) FROG
trace of the pulse after exiting the fiber amplifier. (d) Temporal amplitude and
phase of the output pulse (courtesy J. Dudley).
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geometry. Spectrally resolving the transmitted pulse as a function of the delay
between the probe pulse and the pump pulse yields the PG-FROG trace

2

S(7,Q) = Uth(t)[(l—T)exp(iQt) . (3.16)

Since the gate is real, the PG-FROG spectrogram can give a better representation
of the chirp (see, for example, the FROG traces in [10]). As can be seen in Fig.
20, the PG-FROG traces of a Gaussian pulse with second- and third-order spec-
tral phases have an aspect similar to the spectrograms of Fig. 13 and the Wigner
functions of Fig. 7. PG-FROG is popular in applications such as the character-
ization of amplified pulses from chirped-pulse amplification systems [10]. It has
also been implemented with cascaded second-order nonlinearities [126].

Self-diffraction frequency-resolved optical gating. Self-diffraction FROG (SD-
FROG) uses the diffracting properties of an index grating written in a material
by the interference of two replicas of the pulse under test via the Kerr effect [80].
The efficiency of diffraction of each replica on the grating is proportional to the
interference term between the electric field of the two replicas. The SD-FROG
trace [Fig. 21(a)] is obtained by delaying one replica with respect to the other
and spectrally resolving one of the replicas and can be written as

2

S(r,Q) = ‘ f dtE* () E*(t— Dexp(iQ1) | . (3.17)

SD FROG traces are rather intuitive, although the relation between group delay
and moments depends on the order of the phase distortions because the temporal
gate is pulse-dependent and not necessarily real. The self-diffraction effect is not
phase matched, and the phase mismatch is wavelength dependent. This con-
strains the nonlinear medium to be thin and makes the technique difficult for
broadband pulses. However, SD-FROG does not require high-extinction polar-

Figure 20
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Top, implementation of PG-FROG with a third-order nonlinearity. A high-
energy replica of the pulse at w, rotates the polarization state of a low-energy
replica of the pulse set between crossed polarizers, and the low-energy replica is
spectrally resolved. Bottom, example of a PG-FROG trace of a Gaussian pulse
with (left) second- and (right) third-order dispersion.
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SD-FROG THG-FROG
E(t0) E2(t)}E*(t-1) E ut)Ef) E2(t)E(t-1)
0 o 20— .3
Et) s 0 Et) 3o
oo (o))
(a) (b)
TG-FROG-1 TG-FROG-2
E(t-1)
Et X E(t-t)-[Et)[]2
oo E2() (1) i prc) B e
SPA S ACI N ki (O]
Eu(’to 1) x 0 =
E(t) B
®o 0
(c) (d)

Implementation of (a) SD-FROG, (b) THG-FROG, (¢) and (d) TG-FROG with a
third-order nonlinearity.

izers and can therefore be used to characterize short-wavelength pulses [127].
SD-FROG has also been implemented by using cascaded second-order nonlin-
earities [126].

Third-harmonic generation frequency-resolved optical gating. Third-harmonic
generation FROG (THG-FROG) has been implemented by using surface har-
monic generation in a glass plate [128] and more recently in organic films [129].
Two replicas of the pulse under test are mixed noncollinearly in a medium, so
that they overlap spatially at one of the surfaces of the medium [Fig. 21(b)]. This
is actually the most sensitive FROG setup based on third-order nonlinear effects
for femtosecond pulses, and it has the advantage of a large phase-matching
bandwidth. The traces of THG-FROG can be difficult to interpret; for example,
the THG-FROG trace of a Gaussian pulse with second-order dispersion does not
show the familiar correlation between time and frequency of linear chirp. How-
ever, the THG-FROG traces usually have some asymmetry; for example, the
THG-FROG trace of a Gaussian pulse with third-order dispersion has a more fa-
miliar shape. Since there is no third-harmonic generation from a beam with cir-
cular polarization, a collinear fringe-free THG-FROG setup can be built by us-
ing two beams with opposite circular polarizations [130].

Transient grating frequency-resolved optical gating. Transient gradient FROG
(TG-FROG) is based on a three-beam geometry similar to what is called BOX-
CARS in nonlinear spectroscopy [131]. As in Figs. 21(c) and 21(d), the input test
pulse E(¢) is split into three replicas E,(z), E5(¢), and E;(¢). The field generated
by four-wave mixing is proportional to E;(z)- E,(¢)- E;(7). Depending on the
choice of the delayed pulse (either E,(¢) or E5(¢)), the TG-FROG trace obtained
by frequency resolving the generated field is, respectively

S(7,Q) = ‘ f dtE(t)I(t — 7)exp(i{dt) ’ (3.18)

or
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2

S(7,Q) = ‘ f dtE* (D) E*(t— exp(iQ1) | , (3.19)

which are, respectively, mathematically equivalent to the PG-FROG trace or the
SD-FROG trace. The nonlinear process of TG-FROG is phase matched, and
therefore a long nonlinear medium can be used to increase the sensitivity.

Four-wave mixing frequency-resolved optical gating. The strong wave-mixing
effects in semiconductor optical amplifiers (SOAs) have been used to character-
ize pulses in the telecommunication environment. The pulse is once again split
into two replicas, where one is used as a strong pump, depleting the carriers in a
semiconductor optical amplifier, therefore temporally modulating the gain and
phase of the SOA. The second replica, with a lower power, is used as a probe, and
one spectrally resolves this replica after the SOA. This approach is extremely
sensitive, as it usually suffices to have peak powers of the order of 1 mW to in-
duce significant changes in the SOA transmission [132]. Spectrograms mea-
sured by using a SOA depleted by a strong pump pulse as the gate acting on a
probe pulse from a different source have also been measured, leading to the char-
acterization of dynamical processes in SOAs [133].

Two-photon absorption frequency-resolved optical gating. The high sensitivity
of the two-photon absorption in an indium phosphide crystal has been used to
characterize pulses in the telecommunication environment [134,135]. This is a
two-pulse mixing, but it is not background free, since the pump induces absorp-
tion on the probe. A background-free trace can be obtained by proper modula-
tion of the interacting beams.

Cross-correlation frequency-resolved optical gating. Nonlinear mixing of the
pulse under test with another optical pulse has also been used. In this cross-
correlation FROG (X-FROG), the pulse and the gate do not have an explicit
mathematical link, and the X-FROG trace can be written as function of the field
of the pulse E(¢) and the field of the gate £’ (¢) as

S(7,Q) = ‘ f dtE())E' (t — 1)exp(i€dt) 2. (3.20)

X-FROG is not self-referencing, as it requires an additional pulse. It is particu-
larly useful when characterizing pulses in a wavelength range where regular
FROG setups would be difficult to implement, often because of the absence of
phase-matched nonlinear interactions. For example, X-FROG has been used to
characterize blue pulses around 400 nm by downconversion with a pulse at
800 nm [136] and to characterize infrared pulses at 4 um by frequency mixing
with a pulse at 770 nm [137]. As the measured signal increases with the energy
of the ancillary pulse, low-energy pulses can be characterized with a high-
energy ancillary pulse. Parametric gain can be used in a X-FROG configuration
to provide high-sensitivity measurements, though at the expense of background
noise [138,139]. X-FROG is particularly useful for characterizing the broadband
pulses generated by nonlinear propagation in optical fibers and therefore for in-
terpreting the combination of linear and nonlinear effect that are operative in the
formation of solitons [15,140,141].

Single-shot frequency-resolved optical gating. The single-shot acquisition of a
FROG trace relies on encoding the time and frequency variables into the two
transverse spatial coordinates, making use of a two-dimensional detector to
record the spectrogram [142]. Mapping the optical frequency to one spatial co-
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ordinate is performed with a conventional grating-based spectrometer, which
can record the optical spectrum of a pulse in a single shot by using a CCD array.
A relative delay between two pulses can be mapped into the other spatial coor-
dinate by using a geometry similar to the single-shot autocorrelator [143]. In this
configuration, the convergence of two unfocused beams means that the delay is a
linear function of the distance across the interaction plane of the beams. The
field at spatial position x after nonlinear interaction is £(7)E(¢— ax). This plane
can be reimaged onto the input slit of an imaging spectrometer, which then al-
lows the measurement of the optical spectrum as a function of the optical fre-
quency w and spatial position x. The measured intensity is therefore S(7,w),
where the relation between x and 7has been calibrated. Since delay is now coded
in a transverse spatial coordinate, it is necessary to avoid spatial distortions of
the beam, as they can appear as temporal distortions on the FROG trace. Some
corrections of the FROG trace taking into account the beam spatial profile can in
general be performed [144]. Single-shot operation of FROG has been used to
characterize the output of large laser systems based on chirped-pulse amplifica-
tion [10].

3.5c. Poor Man’s Frequency-Resolved Optical Gating and
GRENOUILLE

In FROG, the stationary filter allowing the optical spectrum measurement after a
nonlinear interaction is usually a standard optical spectrum analyzer. It is, how-
ever, known that nonlinear interactions in a thick nonlinear crystal having lim-
ited spectral acceptance lead to a coupling between the optical frequency of the
converted field and its wave vector. That is, the upconversion of a particular fre-
quency occurs only in a particular direction. It was pointed out that such cou-
pling could be used to provide angular dispersion of the upconverted spectrum,
allowing, by means of suitable imaging optics and a detector, implementation of
the frequency-resolving element of a FROG diagnostic [103,104]. This property
can be used in concert with the time-to-space mapping configuration of single-
shot autocorrelators and FROG to provide complete mapping of the two trans-
verse spatial coordinates into the time and frequency coordinates of the FROG
trace (Fig. 22). Such an arrangement, nicknamed grating eliminated no-
nonsense observation of ultrafast incident laser light electric fields (i.e., GRE-
NOUILLE, the French word for “frog”), is composed of a cylindrical lens, a
Fresnel biprism, a thick nonlinear crystal, and a combination of two cylindrical
lenses, so that a spatially extended input pulse is focused in the vertical direction
in the crystal, where the spatially dependent phase matching leads to angular dis-
persion in the upconverted beam [104]. To characterize shorter pulses some of
the transmissive optics may be replaced by reflective optics [145]. The biprism
generates two beams that cross one another from a single input beam, so that the
relative time between the two waves is mapped into the horizontal spatial coor-
dinate. The two cylindrical lenses after the crystal are used to map the horizontal
position and the vertical dispersion into the horizontal and vertical coordinates
in a plane where a two-dimensional detector can be set. The GRENOUILLE
trace is fundamentally a SHG-FROG trace; it therefore suffers from a direction-
of-time ambiguity, and the trace does not encode chirp information in a direct
visual manner. Nonetheless, it has been shown that some types of space—time
coupling can be evaluated by using some prior assumptions [146].

3.5d. Linear Spectrograms

A spectrogram can be measured by gating the test pulse with a fast temporal
modulator that acts as the nonstationary filter [23,147]. There are several advan-
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Implementation of GRENOUILLE. The spatially extended pulse under test trav-
els from left to right and propagates into a cylindrical lens and Fresnel biprism.
After interaction in the nonlinear crystal, the vertical direction and horizontal
position that correspond to the optical frequency of the upconverted field and the
relative delay between the two interacting waves generated by the biprism are
mapped into vertical and horizontal positions with a combination of two cylin-
drical lenses.

tages to this approach, which is particularly well suited to optical telecommuni-
cation pulse durations and wavelengths [148]. The technique is highly sensitive,
since no nonlinear interaction is involved, and pulse trains with as low as
100 nW of average power have been characterized. The choice of appropriate
electroabsorption modulator renders the method fairly insensitive to both the po-
larization and the wavelength. Another technical advantage is that both the elec-
tric field of the pulse and the transfer function of the modulator can be retrieved
by using the principal component generalized projection algorithm . Therefore,
such an experiment can also be used to characterize the amplitude and phase
transfer function of an unknown modulator. Since the gate is independent of the
pulse, deconvolution of the spectrogram can be performed with a known or ap-
proximate transfer function for the gate. While the gate must have a bandwidth
similar to the bandwidth of the pulse under test, this condition is rather loose,
and subpicosecond pulses have been characterized by using a 30 ps gate. The ac-
tion of the modulator must be synchronized to the pulse under test. In the tele-
communication environment, a clock synchronized to the source of pulses is
usually available, and can therefore be used to drive the modulator. This ap-
proach has been implemented, for example, with an electroabsorption modulator
or an electro-optic modulator [149,150] driven by a RF sine wave, in which the
relative delay between the pulse under test and the gate was controlled by using
a RF phase shifter, so that no free-space optical delay line was needed [Fig.
23(a)]. Such an arrangement was also used to characterize the output of various
pulse carvers [78,151,152], to characterize various pulse shapers [153,154], and
to characterize subpicosecond pulses [147,155]. Figure 23(b) presents the spec-
tral representation of the 2.4 ps pulse from a mode-locked laser diode. This pulse
was sent in a nonlinear fiber, where self-phase modulation was used to broaden
its spectrum, followed by a dispersive fiber to compensate for the nonlinear
chirp. The output pulse [represented in Fig. 23(c)] is recompressed to 900 fs.
The characterization of the temporal behavior of a gain-depleted SOA was also
performed by gating a probe pulse with the SOA under test [133]. It is possible to
operate a linear spectrogram system close to video-rate retrieval, effectively in

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 361



Figure 23
E(t) :
Temporal modulator Optical

, — spectrum
: “{ \g(t-r) analyzer (Q)

12 12 7
310t o 310 6 o
< 8} z o 8 o
2> 6} % 2 6} 58
(7] — (72} —
c 4f 3 5 4L 3
E 2L e £ 2 4e

2N

860260 6200 80D 360260 ¢ 400 808

Frequency (GHz) Frequency (GHz)
(b) (c)
(a): Measurement of a spectrogram as a function of the optical frequency and the
relative delay between the modulation and the source under test. (b) and (c) are
the spectral representations of a pulse from a mode-locked diode before and af-
ter pulse compression by propagation in a highly nonlinear fiber and dispersive
fiber. The insets show the corresponding spectrograms.

real time, by using a Fabry—Perot etalon to measure the optical spectra after
modulation has demonstrated update rates of the order of 10 Hz [24].

3.6. Conclusions

Spectrographic techniques have been used for a large variety of pulses in very
diverse configurations. Nonlinear optics plays a central role in most implemen-
tations to provide a gating process for subpicosecond pulses, although linear
implementations have also been used to characterize longer pulses, e.g., in opti-
cal telecommunications. Spectrographic techniques lead in some cases to intui-
tive experimental traces capable of displaying the time-to-frequency correlation
in a chirped pulse. In most cases, the electric field reconstruction must be itera-
tive.

4. Tomography and Imaging Concepts

4.1. Infroduction

Means for measuring the phase of the spatial electric field describing a quasi-
monochromatic beam of light have been known for a long time. The concepts
developed for imaging and wavefront sensing have inspired approaches to char-
acterizing the temporal field variation of short optical pulses. For example, im-
aging of a pulse using temporal magnification is analogous to imaging of a spa-
tially localized, pointlike object with spatial magnification by means of a
conventional imaging system. Similarly, approaches to the measurement of spa-
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tially extended wave field by means of tomography have parallels in temporal
pulse characterization. In this section the analogy between the spatial and the
temporal domains in wave propagation is outlined. We then focus our attention
on specific aspects of imaging and wave-field tomography as applied to the char-
acterization of short optical pulses. Finally, we describe in detail various experi-
mental implementations of these concepts.

4.1a. Analogy between Space and Time

The analogy between wave propagation and spatial focusing, on the one hand,
and dispersion and temporal focusing, on the other, has proved a fruitful tool for
understanding and development of concepts for temporal pulse-field character-
ization. In conventional optical imaging, a magnified image of an object is ob-
tained by propagating the field emanating from, or scattered by, the object,
through a sequence of optical elements that modify the field in such a way that a
scaled version of the field at the object is formed at an image plane, where it can
be recorded. In this way, a small object can be viewed by using a detector of lim-
ited spatial resolution. The process of temporal imaging follows a similar se-
quence, allowing very brief pulses to be viewed by using a slow detector. Tem-
poral imaging of electrical waveforms was first studied by Caputi [156—158] and
Tournois et al. [159], who experimentally demonstrated a temporal magnifica-
tion equal to —2 [i.e., the input and output intensities of the waveform before and
after the time lens imaging system were related by /oyrpur(?) =Iinpur(—1/2)].
The analogy between Fresnel diffraction in space and dispersive propagation in
frequency for optical waves was also mentioned independently [160], and the
equivalence between spatial and temporal domains has been studied extensively
[161-171]. Experimental realizations with short optical pulses include the time-
to-frequency converter [172—176], leading to the magnification of various wave-
forms [177-179] and various applications in optical telecommunications
[180—182]. Other related works include the pinhole time camera [183], the gen-
eralization of various imaging concepts to the time domain [184], the conversion
of a waveform from time to space [185-189], the temporal Talbot effect
[190-192], and the temporal van Cittert—Zernike theorem [193]. All of this work
is based on the correspondence between the pair of transverse space and trans-
verse wave vector coordinates (x,k,) and the time—frequency coordinates (7, w),
the equivalence between spatial diffraction and chromatic dispersion, and the
possibility of mimicking the action of a lens in the time domain by using a qua-
dratic temporal phase modulation. Such equivalence is depicted in Fig. 24 in the
context of an imaging system. The physics underlying this can be seen by the fol-
lowing argument. Fresnel diffraction over a distance L is expressed in the trans-
verse wave-vector space as a quadratic phase factor [194],

- N L
Eourpurlky) = EINPUT(kx)eXp(_ li"i) (4.1)
0

Changing from the space to the time domain, this can be cast in terms of chro-
matic dispersion of second order, where an element of second-order dispersion
per unit length ¢ introduces a quadratic spectral phase factor

EOUTPUT(“’) = EINPUT(w)eXp(i¢Lw2/2)- (4.2)

In the spatial domain, an aberration-free thin lens of focal length fintroduces a
quadratic modulation in the transverse space [194]
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Figure 24
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Equivalence between space and time. In (a), a spatial imaging system is imple-
mented using the combination of diffraction and a spatial lens, i.e., quadratic
phase modulations in the space x and wave vector k, domains. In (b), a temporal
imaging system is implemented by combining dispersive propagation and a time
lens, i.e., quadratic phase modulations in the time ¢ and frequency w domains.

k
Eourpur(x) :EINPUT(x)eXp(_ iz—j[xz). (4.3)

In the time domain, this corresponds to the action of a quadratic temporal phase
modulator, which by definition provides a quadratic phase modulation in the ¢
space,

Eourput(t) = Envpur(Dexp(iye/2). (4.4)

With this equivalence in mind, approaches leading to spatial imaging of objects
and characterization of spatial wavefronts can be implemented for the temporal
characterization of short pulses. For example, imaging with magnification can
be implemented by using a dispersive line followed by a temporal lens, followed
by another dispersive line. This mimics the action of a spatial imaging system
based on a single lens, which generates the magnified image of an object by us-
ing the combination of a lens with free-space diffraction before and after the
lens. Note, however, that the spectrotemporal domain has a unique feature: one
can have positive or negative quadratic spectral phase modulations, whereas the
quadratic modulation associated with diffraction has a constant sign.

4. 1b. Wigner Formalism

Temporal imaging can be understood easily by using the Wigner formulation.
The Wigner functions of a pulse before and after quadratic spectral phase modu-
lation ¢pw?/2 are related by

Woutput(t,w) = Winput(t — do, w). (4.5)

The Wigner functions of a pulse before and after quadratic temporal phase
modulation #?/2 are related by
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Wourput(t, ®) = Winpur(t, 0 + ). (4.6)

From these two relations, the action of any combination of aberration-free tem-
poral lenses and dispersion can be calculated.

The temporal and spectral intensities of the pulse are the time and frequency
marginals of the Wigner function, i.e., the projections of that function onto the
time and frequency axes:

dw
I(t)=f ;W(t,w), (4.7)

(o) = f ditw(t,w). (4.8)

It is usually experimentally easier for short pulses to measure the frequency mar-
ginal than the time marginal. Indeed, the frequency marginal can be measured
accurately by using a spectrometer or monochromator of sufficient resolution,
while the temporal marginal requires a detector with time resolution much better
than the duration of the pulse under test.

4.1c. Tomography

Tomography broadly relates to the reconstruction of an object in N dimensions
from a set of projections onto lower-dimensional data sets [195]. This concept
has been used in medical imaging for a long time [196] and has also been ap-
plied to quantum state reconstruction [197], where a high-dimensional entity is
estimated from a set of probability distributions. In imaging applications, the
three-dimensional reconstruction of an object is obtained from a set of two-
dimensional measurements of the attenuation of a probe beam through the ob-
ject taken along different directions through the object. Restricting our attention
to a two-dimensional object with attenuation specified by the function a(x,y),
we can define Py(u) as the projection of a nondiffracting source of uniform spa-
tial intensity orthogonal to an axis making an angle 6 with the y axis (Fig. 25).
Noting that the line A (u) satisfies y=x tan(6) +u/cos(#6), one has

u
Py(u)= f f dxdya(x,y)d| y — x tan(6) — , (4.9)
cos(6)
where 6 is the Dirac delta function. Integrating over y gives
u
Py(u)= f dxal x, +x tan(6) |. (4.10)
cos(6)

Gathering a set of projections P,4(u) for different angles 6 (a set usually referred
to as the Radon transform of the function @), one can then attempt the recon-
struction of a(x,y). In the context of ultrashort optical pulses, tomographic re-
construction implies estimating the two-dimensional chronocyclic Wigner func-
tion representing the pulse train. The approach is similar to that described above:
measure a set of projections of the chronocyclic Wigner function, from which
the Wigner function itself can be obtained. As noted above, if the train of pulses
is coherent, its electric field, within some arbitrary constants, can be obtained di-
rectly. If the train of pulses is partially coherent, the description by an electric
field is inappropriate, and the Wigner function is the next-lowest-order descrip-
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Figure 25

Principle of tomographic reconstruction. Gray shading represents a lower at-
tenuation coefficient, and black a higher one. A two-dimensional attenuation
function a(x,y) is projected onto various axes. The set of projections Py is then
used to reconstruct the attenuation.

tion. The procedure is known as “chronocyclic tomography” [198], as it applies
tomography to the chronocyclic space (¢, ). The time-to-frequency converter
mentioned above and simplified chronocyclic tomography [199] are variations
of the complete tomographic technique that use a restricted set of projections.

4.2. Chronocyclic Tomography
4.2a. Principle

Implementing chronocyclic tomography for reconstructing the electric field of a
short pulse requires an apparatus that can project the Wigner function of the
pulse onto sets of axes defined in the chronocyclic phase space spanned by (7, )
[198]. The approach is equivalent to rotating the Wigner function and measuring
its projection on a fixed axis, usually the frequency axis. Rotation of the Wigner
function by an angle # corresponds to an axis rotation by the angle —6. Experi-
mentally, one can easily measure the frequency marginal of the rotated Wigner
function by means of a spectrometer with sufficient resolution. An arbitrary ro-
tation in the chronocyclic phase space can be implemented by means of qua-
dratic spectral phase modulation in series with quadratic temporal phase modu-
lation. The Wigner function W (¢, w) of a pulse after a quadratic spectral phase
modulation exp(i¢pw?/2) followed by a quadratic temporal phase modulation
exp(iyt?/2) is related to the input test pulse Wigner function W(t, w) by

W t0) = WI(1 — gih)t — o, 0+ . (4.11)

The spectral density of the field after these two modulations is the frequency
marginal of the rotated Wigner function:

~ _ _ 1 ! !

(4.12)

Defining the angle 6 by cot(#)=¢—1/¢ and the variable w,=—wsin(6)/ and
rescaling by 1/(1—¢), the projection can be written for all angles different
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from 7/2 as

Ty ) =Iw) = f dtW[ A co‘:(”a) ~ tan( 0)t:| . (4.13)
For 6=1/2, one simply has
I (w)= f dtW— do, 0+ Y] =I1(— o). (4.14)

Equations (4.13) and (4.14) correspond to the projection of the Wigner function
on an axis making an angle —6 with the frequency axis, i.e., to the projection on
the frequency axis of the Wigner function rotated by the angle 6. A set of pro-
jections of the Wigner function of the train of pulses can be obtained by measur-
ing the spectrum of the pulse for a set of appropriate quadratic spectral and tem-
poral phase modulations (¢,#). Such a formalism is identical to the
measurement of one-dimensional parallel projections of a two-dimensional ob-
ject. From the set of projections, one can reconstruct 7. If the source is coherent,
its electric field £ is algebraically reconstructed from a single slice of the two-
time correlation function, which can be calculated by Fourier transforming W.
This approach has not been experimentally demonstrated until now because of
the relative difficulty in implementing accurately variable quadratic spectral and
temporal modulations. Note that such a technique would lead to the unambigu-
ous measurement of the Wigner function, whether it corresponds to a train of
identical pulses or a partially coherent train of pulses. In this sense it offers a new
feature over the nonlinear methods, which require the assumption of a coherent
pulse train. However, the efforts in pulse characterization have so far concen-
trated, apart from a few exceptions, on measurements of coherent test pulse en-
sembles. This notion may also be applied to tomography. Two variations on the
theme of chronocyclic tomography, the time-to-frequency converter and simpli-
fied chronocyclic tomography, use a smaller number of projections to character-
ize the electric field or the intensity of the pulse by making use of some similar
prior assumptions.

4.2b. Inversion for Chronocyclic Tomography

Tomographic data inversion has been studied extensively, both theoretically and
experimentally. We deal here with inversion methods for a common configura-
tion: parallel projections measured with a nondiffracting source. For data sets
taken in this configuration, inversion can be performed by using the filtered
backprojection algorithm. We briefly discuss this algorithm in order to illustrate
its principle and to emphasize that such inversion is algebraic and noniterative.
More complete treatments of tomographic imaging can be found in the literature
[195]. The key to the inversion of tomographic data is the Fourier slice theorem.
Using the notation of Subsection 4.1c, we can define the Fourier transform of the
attenuation function a(x,y) by

alu,v) = J J dxdya(x,y)exp[— 2mi(ux +vy)]. (4.15)

This Fourier transform taken at u=0 gives
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a(0,v) = f dy[f dxa(x,y)lexp(—2mivy), (4.16)

where the quantity between brackets is by definition the projection of the attenu-
ation along a line of constant y, i.e., Py(y). This leads to

a(0,v) = Py(v). (4.17)

The Fourier transform of the image at u=0 can therefore be calculated from the
Fourier transform of the projection measured for #=0. As this is independent of
the angle between the object and the axis, any one-dimensional slice of the Fou-
rier transform of the object can be obtained from the one-dimensional Fourier
transform of the projection measured at the appropriate angle, and the Fourier
slice theorem can be written with our definitions as

alp cos(),psin(8)]= P, 4p). (4.18)

This is used to derive the filtered backprojection algorithm. The object function
is written as

a(x,y) = f f dudva(u,v)exp[2mi(ux +vy)], (4.19)

which can be expressed in circular coordinates (p, 6) as

a(x,y) = J:T f dpd8al p cos(6),p sin(6)]|plexp{2mip[x cos(6) + y sin(H)]}.

(4.20)

Using the Fourier slice theorem, this leads to
a(x,y) = f . J dpdOP -4 p)|plexp{2miplx cos(6) +y sin()]}. (4.21)

The image can therefore be directly reconstructed from the set of projections P,,.
This involves a filtering operation, represented by the product with |p|, and the
operation is equivalent to a projection back from the set of projections to the im-
age, hence the name “filtered backprojection” given to this reconstruction pro-
cedure. When applied to pulse characterization, this approach to tomography has
several advantages. It allows the algebraic noniterative reconstruction of the
Wigner function independently of the state of coherence. However, in all tomog-
raphic reconstruction procedures, proper sampling of the experimental trace is
critical, and the quality of the reconstruction varies greatly with the number of
projections [195].

4.3. Time-to-Frequency Conversion

4.3a. Exact Time-to-Frequency Converter

A device that permits estimation of the temporal intensity of a pulse by using
temporal and spectral modulations followed by a measurement of the pulse spec-
trum is known as the “time-to-frequency converter” [172—175,200]. From Eq.
(4.14), for (1/4)— ¢=0 (i.e., 6=1/2), one measures I_,(w)=I(—pw). The suc-
cessive action of the quadratic temporal and spectral phase modulation is de-
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picted in Fig. 26. The key point is that the frequency marginal of the output
Wigner distribution is a scaled version of the temporal marginal of the input
Wigner distribution, and temporal intensity measurements can therefore be per-
formed by using a spectrometer. Under these conditions, a quadratic spectral
phase modulation remains after the temporal phase modulation, since the
Wigner function is W[—¢w, w+t]. This is apparent from the orientation of the
interference fringes of the function in the chronocyclic space. Therefore, the
spectral field after the two modulations is not a mapping of the input temporal
field to the output, just as the image of an object in a simple telescope does not
arise from a replication of the object field in the image space. Rather, it is a map-
ping of the moduli of the two fields only. Similarly to the imaging system, this
does not affect the recovery of the temporal intensity. As in the spatial domain, a
complete Fourier-transform setup can be obtained by combining dispersion ¢,
quadratic temporal modulation 1/ ¢, and dispersion ¢. This would make the in-
terference fringes observed in Fig. 26 vertical.

4.3b. Chirped Pulse Modulation

An approximate version of the time-to-frequency converter has been popular-
ized for terahertz pulse characterization and photonics [201-203]. In this ver-
sion, a short broadband optical pulse (the ancilla) is first stretched by an element
with large second-order dispersion ¢;. The chirp is large enough that there is a
clear relation between time and frequency: the group delay in the stretched pulse
is T} (w)= ¢, , and, equivalently, the instantaneous frequency is },(¢)=¢/ ¢,. In
the time domain, the pulse has a quadratic temporal phase —#*/(2¢,). This pulse
is then modulated by the waveform under test 7(¢), for example, through a tem-
poral modulator, a nonlinear interaction with another optical pulse, or electro-
optic modulation. Assuming for simplicity that the stretched pulse before modu-

Figure 26
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Principle of the time-to-frequency converter. The frequency marginal of the
pulse after quadratic temporal and spectral modulation is the time marginal of
the input pulse. The temporal intensity of the test pulse can therefore be deter-

mined by a measurement of the optical spectrum of the modulated pulse.
_____________________________________________________________________________________|
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lation has a flat temporal profile (i.e., a flat optical spectrum), the electric field of
the output pulse is simply E,(¢)=r(¢)exp(—it*/2¢,). The resulting Wigner func-
tion W, is related to the Wigner function of the test waveform W, by

W,(t,w) =W, (t,w—t/P,). (4.22)

If the function  is slow enough, it does not significantly modify the time—
frequency relation in the chirped pulse, and the modulation is therefore encoded
on the optical spectrum of the chirped pulse. The optical spectrum after modu-
lation is therefore

iz(w) = f doW,(t,w) = f doW,(t,w—t/¢)) = |r(t/¢))|*. (4.23)

The intensity of the modulation (e.g., the intensity of an optical test pulse, or the
intensity transmission of a modulator) can be measured in a single shot by using
a spectrometer that records the optical spectrum of the ancilla after modulation.
A similar formalism can be used to describe frequency-to-time conversion by a
single time lens followed by dispersive propagation. The optical spectral density
of the test pulse is found by measuring the temporal intensity of the ancilla
[176,204-206].

4.4, Simplified Chronocyclic Tomography

Provided a number of prior assumptions about the coherent nature of the test
pulse ensemble are accepted, the electric field of the pulse can be obtained from
a limited number of projections of its Wigner function [199,207]. More specifi-
cally, the electric field can be retrieved by using one projection of W, i.e., I, and
its angular derivative, i.e., d/,/ da. Because the latter can be obtained as a finite
difference, i.e., as the difference between two projections for two different
angles when the difference between the angles tends to zero, the required num-
ber of projections is equal to two (Fig. 27). Following Eq. (4.10), suppose that

Figure 27
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Example of simplified chronocyclic tomography. The Wigner function of a pulse
with Gaussian spectrum and cubic spectral phase after small positive and nega-
tive quadratic temporal phase modulations is shown in (a) and (b). The shears
imposed by these modulations are displayed in the insets. In (c), the difference
between the two obtained spectral marginals (blue curve) is plotted with the ini-

tial spectrum (black curve).
__________________________________________________________________________________________|
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one can measure ig(w)= [dtW[t,w/cos(6)—tan(6)]. The angular derivative of
this function with respect to 6 is

al, al 1 /4 w
—(w)= | dt| 0o— - t—(tan(ﬂ)) .
a0 0\ cos(0) a0 dw | cos(6)
(4.24)
Calculating the derivatives at =0 gives
al, ow ]
— (w)=—fdtt—(t,w)=——JdttW(t,w). (4.25)
0| . Jw dw

Finally, since d¢/dw is equal to the first-order temporal moment of W, one ob-
tains

ol 17
1 (w)=- —[[(w)—d)} (4.26)
30 | .

The spectral phase of the pulse ¢(w) can therefore be reconstructed by using the
angular derivative of the frequency marginal of the rotated Wigner function. The
spectral intensity of the pulse, which is needed for the reconstruction of the field
as well as for the reconstruction of the phase, can be obtained directly as the mar-

ginal for no rotation, i.e., io(w). It is therefore possible to reconstruct the field by
using the frequency marginal of its Wigner function and the angular derivative of
its frequency marginal taken at #=0. Note that if one uses the frequency mar-
ginal at a finite angle 6 and its derivative, the reconstructed field is the field cor-
responding to the Wigner function rotated by 6, from which the field in the ab-
sence of rotation can be reconstructed algebraically as long as € is known
precisely.

It turns out that the proposed reconstruction is also valid when one uses only a
quadratic temporal phase modulation (in which case the operation on the Wigner
function is not a rotation but a shear) [199]. Indeed, the projection on the fre-
quency axis of the Wigner distribution for a quadratic temporal phase modula-
tion ¢ is

Iw)= f dtW[t, 0+ ). (4.27)

The derivative of this quantity with respect to ¢ is

al w(t,w wW(t,w
w(w) J (t,0+ 1) Jdtt (t,0+ 1)

! J
m P s ditW(t,w+ ).

(4.28)
Applying this relation at /=0 gives
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al,, J J|. o
a—l/[ %O(w)—gjdltW(t,w)—Ell(w)£:|. (4.29)

The group delay d¢/ dw can be obtained by dividing the derivative of the optical
spectrum of the modulated pulse with respect to the amplitude of the temporal
phase modulation by the optical spectrum of the pulse. The derivative can be ob-
tained experimentally as a finite difference, i.e., as the difference between two
spectra measured for small finite quadratic temporal phase modulations. These
spectra correspond to the projections of the Wigner function after small rotations
in the chronocyclic space, since tan(6)=—¢ is small. Figure 27 represents the
Wigner function of a pulse having a Gaussian spectrum and a cubic spectral
phase after small quadratic temporal phase modulations of opposite signs. The
difference between the resulting spectral marginals is plotted in Fig. 27(c). The
electric field can be reconstructed in the spectral domain by using the optical
spectrum and measured difference, and since the optical spectrum can be esti-
mated by the average of the two spectral marginals, the electric field is com-
pletely reconstructed in the spectral domain by using only two projections of the
Wigner function. This measurement requires a modulator of smaller bandwidth
than the time-to-frequency converter and yet provides a complete measurement
of the electric field by using only two one-dimensional spectra [199], or, more
practically, by directly measuring the spectrum and its derivative by using syn-
chronous detection [208].

Simplified chronocyclic tomography can also be implemented with projections
of the Wigner function onto the temporal axis [209]. The temporal phase of the
pulse can be reconstructed from the derivative of the temporal intensity of the
pulse under test with respect to an applied quadratic spectral phase modulation.
The derivative can be approximated by the finite difference of two measured
temporal intensities after different amounts of quadratic spectral phase modula-
tion.

Simplified chronocyclic tomography is analogous to wavefront reconstruction
from spatial intensity distribution measured in various planes, as first studied by
Teague [210] and Roddier [211]. In this case, the transport-of-intensity equa-
tion, which is a two-dimensional equivalent of Eq. (4.29), is used to reconstruct
the wavefront of a monochromatic beam. A similar approach has also been pro-
posed for the temporal characterization of attosecond x-ray pulses [212].

4.5. Temporal Imaging

4.5a. Exact Temporal Imaging

Temporal imaging is the process of generating an optical pulse field that is a tem-
porally magnified version of the input test pulse field (usually up to a constant
phase, which is of no importance when square-law detection is performed)
[164,165,177—-179]. The bandwidth of the imaged pulse is smaller than that of
the input pulse, so that registering temporal structure requires a smaller band-
width detector than for the input pulse. Temporal magnifications of the order of
100 have been experimentally demonstrated.

The principle of time magnification is presented in Fig. 28, illustrated for a pair
of phase-locked Gaussian pulses with different energies. The test pulse experi-
ences, first, second-order dispersion ¢,, followed by quadratic temporal phase

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 372



Figure 28

Frequency

Imaging with magnification in the chronocyclic space. Imaging with magnifica-
tion can be obtained by the successive action of quadratic spectral phase modu-
lation, quadratic temporal phase modulation, and quadratic spectral phase
modulation. The shears imposed by these modulations are displayed in the in-
sets. The time marginal of the Wigner function is plotted for the input and output
waveforms and shows a magnification equal to 2.

modulation ¢, followed by another second-order dispersion ¢,. These actions
correspond to a shear along the time axis, a shear along the frequency axis, and
another shear along the time axis, respectively. Denoting by W, the initial
Wigner function and W, W,, and W; the Wigner functions after each of these
actions, one has

W (t,w)=Wyt— ¢0,0), (4.30)
W,(t,w)=W,(t,w+ i), (4.31)
Wi(t,w) = W,(t — prw,w). (4.32)

This leads to the Wigner function of the pulse at the output of the imaging sys-
tem:

Wi(t,w) = Wol(1 = ¢t — () + by — b1 hrh) w,(1 — hrh) o + yit].
(4.33)
The temporal imaging condition is defined by ¢, + ¢,— p, h,1y=0, which can be
written in a manner analogous to Newton’s equation for a lens system:

o (4.34)
—+—=y :
¢ ¢ '

Under this condition, the Wigner function of the output field is
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W1, ) W( A +¢1) (4.35)
,w) = -—t——w , )
’ N 4

and the temporal intensity of the output field is related to that of the input field by

13(t)=[0<— ﬂt) (4.36)
)
The intensity of the pulse has therefore been magnified by M=—¢,/ ¢,, at the
same time that the pulse has been stretched in time. This is illustrated in Fig. 28,
where the magnification is equal to 2. There is a residual quadratic temporal
phase on the electric field of the magnified waveform. This is obvious from
(4.35) and can also be identified in Fig. 28 by the slant of the interference fringes
in the chronocyclic space. An additional temporal phase, i.e., a shear along the
frequency axis, would make these fringes parallel to the time axis, and the elec-
tric field would then be a magnified version of the input electric field. This addi-
tional step is rarely taken because the interest in time magnification lies mostly
in measuring the temporal intensity.

The temporal magnification equations are analogous to spatial imaging of an ob-
ject with a combination of free-space propagation along a distance z,, propaga-
tion through a lens of focal length f; and free-space propagation along a distance
z,. The well-known condition for imaging is

I 1 1
—t+—=-, (4.37)
21z f
and the magnification of such a system is given by
)
M=—-—. (4.38)
Z

It should be noted that in the time—frequency domain a dispersion of arbitrary
sign can be implemented, and therefore it is possible to obtain positive magnifi-
cation by simply combining dispersion, lens, and dispersion.

The reason why temporal magnification is attractive is that fast photodetectors
may be able to temporally resolve the time-magnified intensity. The bandwidth
requirement for the photodetector is decreased compared with that required to
measure the test pulse temporal intensity directly, owing to the reduction in
bandwidth of the pulse provided by the temporal magnification setup. Also, in
contrast to sampling oscilloscopes, which may have sufficient bandwidth, time-
magnification systems can operate in single-shot mode. By reducing the band-
width of the test pulse, one can potentially use real-time oscilloscopes to mea-
sure the temporal intensity.

4.5b. Time-Strefch Technique

A popular technique related to temporal imaging has been used to characterize
transient phenomena by optical means [213-216]. Although it does not exactly
magnify the waveform in the way described in the previous subsection, it yields
good results provided that its parameters are set appropriately and is simpler ex-
perimentally. Consider Eq. (4.22) that describes the Wigner function of a pulse
after dispersive propagation and low-bandwidth modulation. Since the modula-
tion has been encoded in the optical spectrum of the chirped pulse, it may be
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measured by chirping the modulated pulse significantly and then performing a
time-domain measurement. An additional dispersive element with second-order
dispersion ¢, is therefore added, resulting in the Wigner function

Wi(t,0) = Wy(t — o) = W [t — pro,0 = (t = pw)/ ] (4.39)

The temporal marginal of this Wigner function is

L) = f dwW;(t,0) = f do'W[— ¢,0',0' (1+ ¢y/p)) +1/¢,] (4.40)

after a change of variable. Since 7 is narrowband, the frequency variable is con-
strained to verify o’ (1+ ¢,/ ¢,)+t/ ¢, ~0, and this leads to

L) = [r[t/(1 + ¢yl )] (4.41)

This shows that the measured temporal intensity is a magnified version of the
magnitude of 7. The magnification coefficient is 1+ ¢,/ ¢;, which can be made
large enough to allow single-shot real-time measurements of nonrepetitive
events. Although Eq. (4.41) indicates that this implementation is only sensitive
to the intensity of the modulation, phase-sensitivity can be obtained by hetero-
dyning of the waveform under test with a cw laser [216].

4.6. Cross-Phase Modulation and Self-Phase Modulation
with an Unknown Pulse

Tomographic ideas can also be applied in self-referencing temporal field char-
acterization, when there is no reference pulse, and for which there is no common
spatial equivalent. Suppose one implements a temporal phase modulation by us-
ing cross-phase modulation (XPM) or self-phase modulation (SPM). In the case
of XPM with a bell-shaped pulse (i.e., one with quadratic temporal intensity pro-
file), a temporal lens is obtained. However, if the temporal intensity profile of the
pulse is unknown, then the induced phase modulation using either XPM or SPM
is unknown. This is generally the case for self-referencing techniques, unless
one has modified the pulse under test in a controlled manner. Nonetheless, XPM
and SPM can be used for pulse characterization.

4.6a. Two-Spectra Technique

In this initial implementation [217], the experimental trace is composed of the
spectrum of the pulse under test /,(w)=1(w)=|E(w)|* and the spectrum of the

pulse under test after SPM I,(w)=|[dtE(t)explial(r)]exp(iowr)|?, where  is re-
lated to the nonlinear index and length of the medium. The retrieval of the field,
i.e., reconstruction of the one-dimensional spectral phase, can be attempted by

using a backpropagation iterative algorithm between I 1 and iz. However, the ex-
perimental data do not uniquely specify the unknown spectral phase, so that no
unambiguous determination of the field can be obtained without additional prior
knowledge about the pulse shape. An extension of the SPM technique to the
characterization of arbitrarily polarized pulses has also been demonstrated
[218].
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4.6b. Multispectra Technique

One way of obtaining redundancy in the experimental trace is to use XPM with
a delayed replica of the test pulse [219,220]. The spectrum of the pulse after
XPM with a pump pulse of intensity /py\p(#) can be measured for various rela-
tive delays between the two pulses in order to build a two-dimensional trace, as a
function of the optical frequency w and the delay 7,

2
S(7,w) = ‘fth(t)exp[ia[pUMp(t— 7)lexp(iwt)| .

The electric field can be reconstructed from this trace by means of a generaliza-
tion of the Gerchberg—Saxton algorithm. Backpropagation between the spectra
measured for each delay is made possible by the fact that the gate is purely a
phase gate, so that division by the gate response function does not make the al-
gorithm unstable. There is a strong similarity of this approach to spectrography.
Indeed, time scanning the unknown nonstationary filter obtained with XPM
across the test pulse is equivalent to the temporal scanning of the gate in spec-
trography. Although semantically one would expect a gate to be an amplitude-
varying filter, nothing precludes the use of a phase-only nonstationary filter in
spectrography. Inversion based on generalized projections has also been used for
the XPM technique [221]. Note that, in this case, the gate function can be unam-
biguously calculated from the pulse electric field provided that the nonlinearity
a is known.

4.7. Practical Implementations of Tomography
4.7a. Quadratic Spectral Phase Modulation

Quadratic spectral phase modulation can be obtained by linear propagation of
the test pulse through a dispersive device with specific phase transfer function.
Useful devices include dispersive materials far from absorption resonances,
waveguides, interferometers, devices based on diffraction, such as the two-
grating compressor, or devices based on refraction, such as the two-prism com-
pressor. The spectral phase added by linear propagation is a quadratic spectral
phase modulation provided that all other terms in the Taylor development of the
phase can be neglected over the bandwidth of the pulse under test. Such a modu-
lation is independent of the pulse under test and can be accurately calibrated by
using linear techniques. Techniques that require a large number of different
spectral phase modulations benefit from the use of the two-grating or two-prism
compressor, which can be tuned to vary the amount of quadratic spectral phase
modulation.

4.7b. Quadratic Temporal Phase Modulation

Three approaches to generating a quadratic temporal phase modulation on a
short optical pulse have been demonstrated.

Electro-optic phase modulation. Electro-optic phase modulators, based, for ex-
ample, on lithium niobate waveguides, rely on the index change induced by a
voltage via the electro-optic effect. Quadratic temporal phase modulation is ob-
tained by synchronizing the optical pulse with one of the extrema of the modu-
lation induced by a narrowband RF sine wave [177,199], as depicted in Fig. 29
for simplified chronocyclic tomography. The sinusoidal drive voltage V(¢)
=V, cos(Q)¢) induces the phase modulation
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(b) (c)
Example of implementation of simplified chronocyclic tomography with a phase
modulator. In (a), the quadratic temporal phase modulation is obtained via the
electro-optic effect in a LiINbO; phase modulator driven by a sine wave. Syn-
chronization of the pulse under test with the extrema of the phase modulation
with a RF phase shifter provides quadratic temporal modulation. These modula-
tions are alternated at a frequency f'so that lock-in detection of the signal mea-
sured by a Fabry—Perot etalon followed by a photodetector leads to the average
spectrum of the modulated pulses (i.e., the spectrum of the input pulse) and the
difference of the spectra of the modulated pulses (i.e., the finite difference from
which the spectral phase is reconstructed). (b) Spectrum and phase measured on
a train of pulses after nonlinear propagation at various power in a nonlinear fiber
and dispersion compensation. (c) Calculated temporal intensities, which show

significant pulse compression.
____________________________________________________________________________________|

2

Vo Vo
Wt = Ly cos(Q¢) = gy — I (4.42)

2V,

around =0, where V. is the voltage needed to obtain a 7 phase shift. This leads
to a quadratic temporal phase modulation with amplitude —7V,Q?/2V . at the
maximum of the phase modulation, and synchronization with a minimum of the
modulation leads to the opposite amplitude 7VQ%/2V . For the simplified
chronocyclic tomography setup of Fig. 29(a), alternation of the relative delay be-
tween the train of pulses under test and the modulation allows synchronization
with either the positive or negative quadratic temporal phase modulation. This
alternation is performed at frequency f, and the spectral density around the op-
tical frequency w is therefore modulated at the same frequency. Lock-in detec-

tion allows extraction of the time average of the modulation I~O(w) (i.e., the opti-

cal spectrum) and the oscillating component i/(w) (i.e., the difference between
the optical spectra obtained for the two quadratic temporal phase modulations).
The results obtained with this setup included pulse compression by nonlinear
propagation and dispersion compensation, as shown in Figs. 29(b) and 29(c).
Real-time operation allowed quick optimization of this nonlinear compressor.
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For a sine wave at a 10 GHz frequency, with V,=10 V, the quadratic temporal
modulation achievable in a modulator with V,=7 V is 8 X 10?! s72. The tempo-
ral phase modulation is quadratic only over a limited temporal window, e.g., for
a 10 GHz sine wave with a 100 ps period, but the temporal window over which
the modulation is within 1% of its parabolic approximation is approximately
10 ps. This approach, although still limited in terms of bandwidth, allows a
pulse-independent temporal modulation, which can be accurately determined
from the measurement of the parameters of the drive voltage and modulator.
This is also a completely linear modulating scheme. The development of these
modulators has benefited from the developments of high-speed lithium niobate
modulators, and progress in this area is likely to occur.

Cross-phase modulation. The intensity-dependent refractive index of a material
can be used in conjunction with an optical pulse to induce a temporal phase
modulation. For SPM, the input and output pulse are related by

27Tn2LI(t):| (4.43)

E'(t)= E(t)exp{i
where L is the length of the medium, \ is the wavelength, and #, is the nonlinear
coefficient of the medium (i.e., n,/(7) is the intensity-dependent variation of the
optical index). It is difficult to implement a temporal lens by using SPM because
the temporal phase modulation depends on the temporal intensity of the un-

known pulse. However, SPM can be used with an iterative reconstruction algo-
rithm [217,219,220].

In the case of XPM [175,222], a temporal phase modulation is induced on the
test pulse by nonlinear interaction with a different optical pulse having the tem-
poral intensity Ipy\p(?). The input and the output field are related by

4anyLlpypp(t) ]

N (4.44)

E' (1) =E(t)exp[i
assuming that the two pulses have the same polarization. If the intensity of the
pump pulse is given accurately by a second-order polynomial over the temporal
support of the pulse under test, e.g., Ipump(t)=Ipunp(0)+3(Plpunp/ )1
around 7=0, quadratic temporal phase modulation can be obtained. One way of
obtaining a suitable pump pulse is to use a Gaussian pulse, or a chirped Gaussian
pulse. For example, following the time-to-frequency conversion experiment de-
scribed in [175] and depicted in Fig. 30, a dispersive delay line introduces a
negative spectral phase modulation with ¢=—0.7 ps~2. The quadratic temporal
phase modulation needed to obtain the 77/2 rotation (i.e., y=1/ ¢) is obtained by
cross-phase modulation with a pump pulse having a parabolic temporal intensity
over the temporal support of the waveform under test after dispersion. A 1 ps
pump pulse with a 1 kW peak power propagating into a 1 m long fiber with
y=1 W' km™! leads to approximately )=4 ps 2, leading to the required tem-
poral modulation. A recent development consists in using pulses having a para-
bolic intensity profile over most of their temporal support. Pulses with a para-
bolic temporal intensity profile can be generated directly as optical similaritons,
a type of pulse generated by the interplay of chromatic dispersion, nonlinearity,
and gain [124,223-225], or that are obtained via pulse shapers [226]. Fourier
transformation, pulse retiming, and distortion compensation have been demon-
strated for high-speed optical telecommunication using time lenses imple-
mented with parabolic pulses and XPM [222,226,227]. In XPM setups, very
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Figure 30
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Experimental implementation of the time-to-frequency converter with XPM.
The waveform under test propagates into a dispersive delay line and is then
phase modulated by a pump pulse via XPM in a fiber. The temporal intensity of
the waveform under test is a scaled version of the spectrum measured by the op-
tical spectrum analyzer (OSA). The pump pulse is assumed to have a parabolic
temporal intensity over the temporal support of the dispersed waveform under

test.
|

large temporal phase modulations can be obtained by increasing the power of the
pump pulse or improving the nonlinearity of the medium.

Wave-mixing. Wave-mixing with a chirped pulse can provide a quadratic tempo-
ral phase modulation of arbitrary sign [172,173,179,228]. The electric field of a
short pulse Eppp(?) after large quadratic spectral phase modulation ¢pyypw?®/2

is Epypp(?) =Epump(t/ dpump)expl =it/ (2dppump)] within some multiplicative
factors. Nonlinear mixing of the test pulse with an ancillary chirped pump pulse
is therefore formally equivalent to quadratic temporal phase modulation, pro-
vided that the amplitude of the latter is constant over the temporal support of the
pulse under test. A schematic of a time-magnification setup based on wave mix-
ing is shown in Fig. 31(a). The input pump pulse is sent into a dispersive delay
line (for example, a two-grating compressor or an optical fiber), leading to the
second-order dispersion ¢py;p- The waveform under test is first dispersed by a
dispersive delay line introducing a second-order dispersion ¢;, then interacts
with the chirped pump pulse in a nonlinear medium, and the product of this in-
teraction is sent into an additional dispersive delay line with second-order dis-
persion ¢,. The imaging condition relating ¢,, ¢,, and ¢py\p depends on the
nonlinear interaction.

With three-wave mixing, [172,173,179] the electric field of the generated signal
is proportional to EEpp, i.€., the product of the electric field of the input
chirped signal and the chirped pump, and the temporal phase modulation in-
duced by the time lens is —#*/ (2 pypp). Equation (4.34) is directly applicable,
with ¢, ¢, and ¢y=—1/ppymp, leading to 1/¢;+1/p,=—1/ppymp and M
=—¢,/ ¢,. For example, [179] uses a stretcher to provide the dispersion ¢,
=0.17606 ps? on the waveform under test, and a compressor to provide the dis-
persion ¢pypp=—0.17784 ps? on the pump. After sum-frequency generation, the
signal propagates in a compressor providing the dispersion ¢,=—17.606 ps.
This setup theoretically leads to a temporal magnification M=100, and was in-
deed shown experimentally to magnify the temporal intensity of pairs of pulses
by 103. This allowed waveform measurements with a 300 fs resolution by use of
direct photodetection and a sampling oscilloscope.

With four-wave mixing [228], the electric field of the generated idler is propor-
tional to Epy\pE*, i.e., the square of the field of the chirped pump and the con-
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Figure 31
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(a) Principle of imaging with temporal magnification using sum-frequency gen-
eration, and (b) implementation of a time-to-frequency converter using four-
wave mixing in a silicon waveguide (courtesy of A. Gaeta). In (a), the waveform
under test propagates through a dispersive delay line, then undergoes a wave
mixing process with a chirped pump pulse, then propagates through an addi-
tional dispersive delay line. The frequency chirp in the highly chirped pump
pulse leads to a quadratic temporal phase in the pulse, therefore allowing the
quadratic temporal phase modulation through the wave mixing process. In (b),
the waveform under test chirped by a fiber with dispersion D and the pump pulse
chirped by a fiber with dispersion 2D interact via four-wave mixing in a silicon-
on-insulator waveguide. The spectrum of the generated idler is a scaled repre-
sentation of the temporal intensity of the input signal. A complete time-to-
frequency conversion of the electric field can be obtained if the generated idler
signal further propagates in a fiber with dispersion D.

jugate of the field of the signal. Because of this, Eq. (4.34) must be applied to
-y, ¢y, and Y=-2/dpymp, leading to —1/¢d+1/dy==2/dpypp and M
= ¢,/ ¢,. This has, for example, been implemented in a silicon chip [228]. In this
case, the pump and waveform under test are, respectively, dispersed by 1900 and
1000 m of standard single-mode fiber, leading to dispersions ¢, =—21.6 ps? and
dpump=—41 ps>. The idler generated by four-wave mixing is sent into a
dispersion-compensating module with dispersion ¢, =434 ps?. This setup dem-
onstrates a temporal magnification M=-20. An example of a setup for time-to-
frequency conversion using four-wave mixing in a silicon waveguide is shown in
Fig. 31(b) [229]. The chromatic dispersion for the pump and test waveform is
provided by optical fibers. Four-wave mixing occurs in a silicon waveguide, and
wave-mixing with a pump pulse that has twice the dispersion of the test wave-
form leads to time-to-frequency conversion. An additional span of fiber identical
to the input fiber span allows a full time-to-frequency conversion of the electric
field, although this is not required for intensity measurements. Time-to-
frequency conversion enabled measurement of the intensity of high-speed opti-
cal waveforms over a time interval longer than 100 ps with a 220 fs temporal
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resolution. Single-shot operation is provided by using a spectrometer capable of
measuring the entire spectrum after modulation in a single shot. Examples of
waveforms measured with this setup are shown in Fig. 32. The left column cor-
responds to results from the time-to-frequency conversion ultrafast oscilloscope.
The right column corresponds to the intensity measured by cross-correlation of
the test waveform with a short optical pulse. Very good agreement is obtained
for a number of different waveforms, even in single-shot operation.

4.8. Conclusions

Chronocyclic tomography provides a means by which the full two-time correla-
tion function of a pulse ensemble can be determined. It has proved difficult to
implement full tomographic reconstruction of femtosecond pulses in practice
because of the difficulty in modulating pulses with sufficient bandwidth. How-
ever, a number of subtomographic approaches have been implemented success-
fully, and the most common of these, the temporal imaging system, allows direct
measurement (and indeed simple visualization) of subpicosecond waveforms by
using single-shot data acquisition by means of a fast photodetector and sampling
oscilloscope. Such devices are useful for low-repetition-rate systems, or for sys-
tems where the pulse shape is changing rapidly from shot to shot and from which
samples can be taken.

Figure 32
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Examples of waveforms measured by time-to-frequency conversion in a silicon
waveguide compared with waveforms measured by nonlinear cross-correlation
(courtesy of A. Gaeta). The left-hand column corresponds to the time-to-
frequency converter, and the right-hand column corresponds to nonlinear cross-
correlation with a short optical pulse. (a) Interference of two chirped optical
waveforms, with the inset displaying the measured waveforms in a 10 ps win-
dow. In (b), the time-to-frequency converter is used in single-shot operation to
measure the intensity of a pair of delayed chirped pulses.
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5. Interferometry

5.1. Infroduction

Interferometry provides a very sensitive and accurate means to measure the
phase of an optical field. This approach has a long pedigree in the field of optical
testing [230,231]. The conversion of phase to amplitude information that is the
hallmark of interferometric measurement allows deterministic and robust ex-
traction of the phase from the measured data.

The earliest suggestions for using interferometric methods for pulse character-
ization made use of the concept of test-plus-reference interferometry in the spec-
tral domain to show how the phase of an optical pulse was changed during
propagation in a linear or nonlinear optical medium [232-234]. This implemen-
tation of spectral interferometry (SI) made use of the fact that the measured sig-
nal reflected the difference in the spectral phase between the test and reference
pulses, so that differential measurements (say, of the input to the output fields)
could be made with great precision.

It was soon realized that detailed knowledge of the reference pulse enabled ex-
traction of the complete spectral phase of the test pulse, which, together with a
measurement of its spectrum, constitutes a complete characterization of the
pulse [63,64]. Of course, this begs the question, since it depends on the avail-
ability of a known pulse of appropriate character. However, the extremely high
sensitivity of this method, which is entirely linear in the test pulse electric field,
has enabled it to continue as a viable method in certain applications.

Methods of interferometry that do not require a reference pulse have been devel-
oped and are now in wide use. The basic feature of self-referencing methods is to
measure the temporal beats that arise when one replica of the pulse is interfered
with a second, time-shifted, replica, or, equivalently, the spectral fringes that oc-
cur when one replica of the pulse is interfered with a second, frequency-shifted
(or spectrally sheared) replica. The latter case has strong analogies to SI and is
known as “spectral shearing interferometry” (SSI). In both cases the fringes pat-
terns reveal the relative phase between two adjacent parts of the pulse field (ei-
ther two time slots or two frequency components), from which the complete
phase function may be reconstructed.

The key features of interferometry that make it useful for pulse characterization
are the rapidity of data acquisition, the direct and fast reconstruction of the field
from the data, and the insensitivity of the measurement to wavelength-dependent
apparatus response. These properties are important for characterizing sources
for which the pulse shape fluctuates and the pulses have large bandwidths. In this
Section, we discuss interferometric methods of pulse characterization and show
how these are implemented in ultrafast optics.

5.2. General Considerations and Implementations

5.2a. Definitions

The detected signal in interferometry is related to the two-frequency or two-time
correlation function. This two-dimensional function is itself related to the time—
frequency representations used in spectrography and tomography. Further, the
correlation function is encoded in the measured data in a way that makes it easy
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to invert. In the most general case, the correlation function can be mapped out
directly from the fringe pattern. Moreover, in almost all implementations of in-
terferometry, it is assumed that the ensemble underlying the measurement is co-
herent, so that the field can be extracted from a single section of the correlation
function. The two-variable structure of the correlation function suggests that
there will be complementary versions of interferometry related to these vari-
ables. This is indeed the case: for every time-domain interferometer, it is pos-
sible to identify a frequency-domain analog. It is this latter class that has proved
most fruitful in the subpicosecond regime. Note that this time—frequency duality
reflects the similar duality between phase-space methods, where spectrography
emphasizes the frequency dependence of time sections of the pulse and sonog-
raphy the time dependence of frequency sections.

Two classes of interferometer can be identified. In the first, measurements are
made in the frequency domain, and in the second in the time domain. The signals
are then proportional to sections of the two-frequency and two-time correlation
functions, respectively. Because available detectors are slow compared with the
pulses themselves, measurement in the frequency domain is usually preferred.
In both of these classes there are two species of interferometer, self-referencing
and test plus reference.

A typical spectral-domain test-plus-reference interferometer is illustrated in Fig.
33(a). The test pulse is shifted in time by the delay 7with respect to the reference
pulse using a delay line. It is mixed with the reference pulse at a beam splitter,
and the resulting spectrum is measured. This exhibits fringes in the spectral do-
main, whose spacing is inversely proportional to the delay 7. The detected signal
is

Figure 33
E(t) = E(t-1) =
Er(t)

(b)
Test-plus-reference interferometers for (a) spectral and (b) temporal interferom-
etry. The unknown (test) pulse E(¢) is combined on a beam splitter with a known
(reference) pulse E(¢). The resulting interference pattern is measured by using
(a) a spectrometer and a slow detector or (b) a fast detector, possibly synthesized
by using a rapid shutter followed by a slow detector.
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D(Q;7) = |Eg(Q) + E(Q)e' 72 (5.1)

where E » 1s the reference field (the Fourier transform of the reference pulse ana-

lytic signal) and E the test pulse field. The spectral phase difference between test
and reference pulses is encoded in the relative positions of the spectral fringes
with respect to the nominal spacing of 27/ 7.

The time-domain analog of this interferometer shifts the test pulse in frequency
with respect to the reference pulse by an amount (), before mixing the two at a
beam splitter [Fig. 33(b)]. The resulting temporal interference pattern is mea-
sured by passing the signal through a fast shutter and recording the transmitted
energy. In this case the signal is given by

D(7;Q) = |Ex(7) + E(De ™, (5.2)

where in this case the relative temporal phase of the two pulses is encoded in the
relative positions of the temporal fringes with respect to the nominal spacing of
27/ ().

In the spectral case, the final spectrometer must have a resolution that is high
compared with the nominal spectral fringe spacing. In the temporal case, the
shutter must be open for a time short compared with the period of the temporal
beat pattern.

The class of self-referencing interferometers similarly has implementations both
in the time and the frequency domains. Self-referencing interferometers are
based on spectral or temporal shearing. This type of interferometer uses modu-
lators and delay lines to generate two modified versions of the input test pulse,
shifted in time and frequency with respect to each other, that are then interfered.
The resulting interferogram may be measured in the time or the frequency do-
main. When characterizing ultrashort pulses by using slow square-law detectors,
the most common sort of interferometer makes use of spectral shearing.

Schematic apparatuses for shearing interferometry are shown in Fig. 34. The test
pulse enters the interferometer, experiencing a frequency shift in one arm (by
means of a linear temporal phase modulator) and a time-delay (or temporal shift)
in the other (effected using a simple delay line, which may be considered in lin-
ear filter terms as a linear spectral phase modulator). The two modified pulses
are combined at the exit ports of the interferometer, and the output is measured
in the time domain or frequency domain by passing it through a fast time gate or
narrow spectral filter, respectively.

The field after the interferometer in both apparatuses is

Eour(t) =E(0)e + E(t— 7) = FT[E(w + Q) + E(w)e'"], (5.3)

where FTJ[...] represents the Fourier transform, 7 is the delay imposed in one of
the arms of the interferometer, and () the frequency shift imposed in the other.
These may be thought of as lateral shears in their respective domains.

In the case of a temporal shearing interferometer, the signal is measured directly
in the time domain by means of a very fast time gate or shutter, followed by the
usual integrating square-law detector. When the shutter response is very fast
with respect to the variations in the pulse temporal field, the detected signal is
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Figure 34

(a)
E(t)

Self-referencing interferometers for a (a) spectral and (b) temporal shearing in-
terferometry. The unknown pulse is divided into two replicas, each of which fol-
lows a different path through the interferometer. One replica is shifted in fre-
quency, the other in time. The two modified replicas are recombined, and the
resulting interference pattern is measured by using (a) a spectrometer and a slow
detector or (b) a fast detector.

D(t;Q,7) = |Equr(D]} = 1) + I(t — 7) + 2Re[ E(DE*(t — 1)e'™],  (5.4)

where I(f)=|E(t)|? is the intensity of the pulse. In the case of the spectral shear-
ing interferometer, the detected signal is measured in the frequency domain by
means of a high-resolution spectrometer, with a slow detector. The spectrometer
passband must be narrow with respect to variations in the pulse spectral field, in
which case the detected signal is

H0:Q,7) =|Eour(0)]* = (0) + [(0+ Q) + 2Re[E(0) E (0 + Q)7
(5.5)

where [ (w)= |E (w)]? is the spectrum of the pulse. In both cases, it is clear that the
interferogram encodes the derivative of the temporal or spectral phase function
in the fringe spacing. For example, in the spectral shearing interferometer, the
fringe extrema are located at frequencies w satisfying

d(w) — dw+ Q)+ wr=m, (5.6)

where ¢(w)=arg] E(w)] is the spectral phase function and m is an integer. There-
fore, as with phase-space methods, it is possible to determine ¢(w) to within a
constant (the carrier-envelope offset phase) and a linear term (the overall delay
of the pulse with respect to an external clock). For most applications, this is suf-
ficient to characterize the pulse, as long as the spectrum of the pulse is known.

5.2b. Interpretation of Interferograms

Interferometry measures the two-frequency (or two-point, in the case of spatial
interferometry) correlation function of a field. (Since, as with all methods, it de-
rives from measurements made with square-law detectors, it must yield some bi-
linear functional of the input field.) In the most general case, it yields a two-
dimensional complex function, whose arguments are both time variables or both
frequency variables. To this extent, it is quite different from spectrographic tech-
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niques, which work in a time—frequency representation, and tomographic meth-
ods, which use a set of one-dimensional functions parameterized by an external
variable often unrelated to time or frequency.

The two-frequency correlation function

Clwy,w,) = E(w) E*(w,) (5.7)

is clearly a complete characterization of the optical pulse field £(¢). For applica-
tion to interferometry, however, it is most useful to consider this function written
in terms of center- and difference-frequency variables,

Cz'(Aw,wC) = C:'(wl,wz), (5.8)

where w-=(w;+®,)/2 and Aw=w,—w,. This function is closely related to the
detected output of spectral interferometric measurements. For example, it can be
easily seen that

C(0,00) = |E(wo) (5.9)

is the spectrum of the pulse, as might be measured by using a standard labora-
tory spectrometer or monochromator and a slow photodiode. The aim of inter-

ferometry is to measure a section of the spectral correlation function C’(Aw, we):
as can be seen from Eq. (5.7), this will give the required field to within a constant
multiplicative complex number.

The correlation function is easily related to any of the many time—frequency rep-
resentations of the pulse field (in particular, the Wigner distribution is simply the

Fourier transform of C (Aw, w) with respect to the difference frequency). How-
ever, the important feature of interferometric measurements, compared with
time—frequency methods, is that a single section of the correlation function
yields complete information about the pulse, whereas for time—frequency tech-
niques the entire two-dimensional representation must be measured to extract
the field. This allows data acquisition to be very rapid, which, coupled with a de-
terministic inversion algorithm, makes for the possibility to characterize pulses
with very fast update rates.

As a particular example, it is useful to see how a spectral shearing interferogram
relates to the correlation function. Starting from Eq. (5.5), variables are changed
to the mean- and difference-frequency coordinates, w,=w+/2, Aw={). Then
the interferogram may be written as

- N Aw A . Aw) |2
lwe;Aw,7)= | E a)C-i-? + eilocdol2)Tp a)C—? ,  (5.10)

or, in terms of the correlation function,

- N Aw N Aw -
lwc;Aw,7) =1 wc-l-? +1 wC—T +2|C(Aw, ()|

- Aw
Xcos arg[é(Aw,wC)]JrT(wc—?) ) (5.11)

This shows that the interferogram maps out a line of the two-frequency correla-

tion function, taken as a function of w., keeping Aw fixed. Since C(Aw, we) isa
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complex function and f(wc; Aw, 7) a real one, two measurements are required.
The interferogram is a superposition of the two quadratures of the two-
frequency correlation function, so that these can be individually retrieved by us-
ing only two values of the delay 7. In the case of a coherent ensemble, we have
seen that the complete correlation function need not be measured in order to ex-
tract the field. This is in contrast to phase-space methods, in which the entire dis-
tribution must be measured. Importantly in this common experimental situation,
only a single line of either quadrature of the two-frequency correlation function
is sufficient for reconstructing the electric field, making interferometry inher-
ently more economical of data than other methods.

5.3. Inversion

The inversion methods for interferometric measurements are direct, and there-
fore robust and reliable. The basic element of the inversion algorithms is the ex-
traction of the correlation function, which is a complex entity, from a purely real
and positive detected signal. Though there are a number of ways of doing this,
the simplest and most commonly used is based on a Fourier analysis of the sig-
nal, accompanied by filtering to remove the symmetry in the Fourier domain that
arises from its real character. This is the first step of all interferometric phase re-
trieval methods; the subsequent steps depend on whether the method is self-
referencing. In this section we first describe this algorithmic element as applied
to methods with known reference pulses, then describe the additional steps
needed for self-referencing methods.

5.3a. Fourier-Transform Spectral Interferometry

Fourier-transform spectral interferometry (FTSI) is a version of test-plus-
reference interferometry where the signal is measured in the frequency domain
relative to a reference pulse [232]. Typically this is recorded with a detector array
placed in the focal plane of a flat-field grating spectrometer, to yield a spectral
interferogram. The schematic apparatus is shown in Fig. 35(a) in the case when
the pulse under test is derived from the reference pulse by propagation in a de-
vice under test. The data set is a function of only a single variable—the
frequency—rather than of two variables as in time—frequency methods. This
means that the second dimension of a two-dimensional detector array may be
used to record spatial variations in the spectral phase, for example.

The spectral phase is extracted via a direct inversion that is both rapid and ro-
bust. The test and reference pulse are delayed in time with respect to one another
by 7 by using a linear time-stationary filter Sf (w)=e'“". The detected signal (in-
terferogram) is then D(w; 7)=|Ex(w) + E(w)e7|%, where Ep, is the reference field
and E the test pulse field. The spectral phase difference between test and refer-
ence pulses is encoded in the relative positions of the spectral fringes with re-
spect to the nominal spacing of 27/ 7. Examples of interferograms correspond-
ing to identical reference and test pulses and to a test pulse with a quadratic
spectral phase are plotted in Fig. 35(b). In the first case no change in the spacing
of the fringes is observed, while for the quadratic spectral phase the fringe spac-
ing is clearly a function of the optical frequency, revealing that the spectral phase
difference between the two pulses is quadratic. The phase difference can be ex-
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Figure 35
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(b)
(a) Principle of operation of SI. The test and the reference pulse are mixed on a
beam splitter, and the resulting joint spectrum measured. (b) Examples of spec-
tral interferograms, corresponding to a test pulse equal to the reference pulse
(left) and to a test pulse with a quadratic spectral phase (right).

tracted by using a three-step algorithm involving a Fourier transform to the time
domain, a filtering operation, and an inverse Fourier transform [63,235]. The in-
terferogram may be written as

D(w;7) = D'“Y(w) + D(w)e'"+ [D w)e T, (5.12)

where
D) (w) = I(w) + Iy(w), (5.13)
D) (w) = |E(w) Ex(w)|e# @ dr(@)], (5.14)

The dc portion of the interferogram, Eq. (5.13), is the sum of the individual spec-
tra of the pulses and contains no phase information. The ac term, Eq. (5.14), con-
tain all of the relative phase information.

There are three steps for reconstructing the spectral phase from the interfero-
gram. First, isolate one of the ac terms, and hence ¢(w)— Pg(w)+ w7, by means
of a Fourier transform and filter technique (Fig. 36). Let ¢ be the conjugate vari-

able to w and D be the Fourier transform of Eq. (5.12). If 7is sufficiently large,
the dc and ac components (located at =0 and ==+ 7) are well separated in time,
and the phase-sensitive component D can be filtered. For this purpose we use
a filter H(¢) centered at 1= 7. The filtered signal,

DUfitered) (4 = F(¢ — 7)D(1), (5.15)

is simply the Fourier transform of the positive ac portion (#=+ 7) of the interfero-
gram. The spectral phase difference is the argument of IFT[D(ered)] j ¢, the in-

verse Fourier transform of D(filtered)(7),
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Figure 36

Fourier
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Fourier -
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0 T t
Diagram of the inversion algorithm for Fourier-transform SI. After an initial
Fourier transform to the time domain, an ac sideband is digitally filtered to iso-
late the interference term. An inverse Fourier transform is made, and the ampli-
tude (solid curve) and phase (dashed line) of the interferometric component are
extracted.

B(w) — dp(w) + 0r=arg[ D) (w)exp(iwn)] = arg{IFT[ D] (w)}.
(5.16)

The next steps include removing w7 by subtracting a calibration phase and re-
constructing ¢(w) by subtracting the reference phase ¢y(w). In cases when the
test pulse is obtained by linear propagation in a device under test, the extracted
phase difference ¢(w)— ¢pp(w) completely characterizes the dispersion proper-
ties of the device.

The above analysis pertains to an idealized version of an experiment. The spec-
trometer has a finite spectral resolution that depends on its optics and detector,
which leads to a decreased fringe contrast when the fringe period becomes com-
parable with the spectral resolution. Furthermore, sampling of the interferogram
of Eq. (5.12) is performed at a finite rate (e.g., with the array of finite-size pho-
todetectors that compose the detector located at the Fourier plane of the spec-
trometer). The interferogram is sampled at frequencies that are not necessarily
evenly spaced. Finally, the quickly varying fringes that allow the extraction of
the spectral phase difference from a single interferogram can make FTSI sensi-
tive to frequency calibration of the optical spectrum analyzer. These effects are
not detrimental to most applications of SI, and can be accounted for [236,237].

FTSI has applications in cases where one wishes to characterize a weak modu-
lated pulse whose spectrum overlaps completely with that of a known, and usu-
ally more intense, reference pulse. This is not an uncommon situation in ultrafast
optics, arising wherever linear filters (such as a pulse shaper or stretcher and
compressor) are used to manipulate the pulse [238]. It also pertains to some non-
linear optical processes that are used in time-resolved spectroscopy, such as de-
generate four-wave mixing [239-243]. Since the Fourier transform of the optical
spectrum can also be measured directly by using temporal scanning, versions of
SI based on this principle have been applied in wavelength ranges where direct
spectral measurements are difficult [244,245]. Examples of related techniques
can be found in [246-249].

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 389



5.3b. Concatenation

Shearing interferometry may be implemented in the optical frequency domain
and thus be used to measure the spectral phase function of the input pulse using
itself as a reference [31,250]. Two delayed replicas of the (unknown) test pulse
are generated in an interferometer, and one is frequency shifted with respect to
the other. The combined spectrum of the pulse pair is measured by using a spec-
trometer and a detector array, can be measured simultaneously with the inter-
ferogram [251], or can be extracted from the shearing interferogram itself [252].
The important feature is that the frequency shift, or spectral shear, allows two
adjacent frequencies in the original pulse spectrum to interfere on an integrating
detector. The resulting fringe pattern thus reflects the spectral phase difference
between spectral components of the pulse separated by the shear. Extracting the
spectral phase of the input pulse therefore requires additional steps. The simplic-
ity of the inversion mean that such characterization can be done at very rapid
rates—up to a 1 kHz refresh rate has been reported to date, limited only by the
detector readout time [253,254].

The SSI interferogram has a similar form to the FTSI interferogram [Eq. (5.12)]
except that the dc and ac terms contain different frequency arguments:

D9 () =0+ Q)+ (w), (5.17)

D)) = |E(w+ Q) E(w) et D¢, (5.18)

The spectral phase difference 6(w)=p(w+Q)—P(w) between two frequencies
separated by the spectral shear () is extracted from the interferogram by using
the FTSI algorithm previously described. It is then concatenated into the spectral
phase of the pulse under test, ¢, by following the formula

#(0) =0,

P (n+1)Q]= p(nQ) + 6(n ). (5.19)

An interpolation of the spectrum on the same grid completes the measurement
in the spectral domain. This then gives the electric field in the spectral domain at
frequencies [0,,20), ... ,NQ].

In this method, therefore, a sampling of the spectral phase (to within a constant)
at intervals of the shear () across the pulse spectrum is obtained. According to
the Shannon theorem, all pulses with compact support in the domain
[-7/2,T/2] may be completely characterized by a sampling of their spectral
representation every 27/ 7. Thus SSI is able to reconstruct all pulses that have
support (i.e., that do not have energy outside this domain) only in the temporal
window [~/ (), 7r/€)]. Moreover, the inversion is unique.

5.3c. Ambiguities, Accuracy and Precision in Phase Extraction

Ambiguities. Difficulties in reconstruction arise in SSI when the spectrum goes
to zero over a region that is large compared with the spectral shear, in which case
the spectral phase is not defined for several samples of the SSI phase. In this
case, two interferograms measured by using two different values of the shear are
needed to reconstruct the pulse. The first returns the spectral phase across each
continuous region of the spectrum; the second returns the relative phase between
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the two discontinuous pieces. Note that zeros of intensity in the time domain do
not lead to ambiguities, unless they are associated with zeros in the spectral do-
main.

When a nonlinear interaction is used to spectrally shear an optical pulse, this dif-
ficulty can result in an undeterminable phase. For example, in spectral phase in-
terferometry for direct electric field reconstruction (SPIDER) the single known
case for which the data is incomplete is that of a pulse whose spectrum consists
of no more than two well-separated components, when the measurement is made
using only the pulse itself (i.e., not by means of a separate uncharacterized
chirped pulse). By “well separated”, we mean that the spectral intensity is below
the noise level of the detection system over a domain that is larger than the shear
[86]. For spectra with several such components, it is still possible to obtain the
relative phases between them by using several different values of the shear.
When a separate independent pulse is used as an ancillary for inducing the spec-
tral shear, even the case of two-component spectra is possible.

Accuracy and precision. For any measurement, testing the accuracy of the recon-
struction, i.e., how close the measurement result from the apparatus is to the ac-
tual physical quantity, is of primary importance. This is mainly a theoretical task,
relying on simulations or equations, for the obvious reason that in most experi-
mental situations the measured field is unknown before the measurement. A
measure of the difference between the input target field and the output retrieved
field provides the criterion of accuracy. The choice of a measure is, however,
somewhat subjective [255,256].

In SSI, the accuracy of the reconstruction of the spectral phase is perfect in the
absence of noise, when the spectral phase function on the sampling interval ) is
represented by a polynomial, and the sampling criterion is satisfied. Therefore it
is possible to reconstruct very sharp spectral phase functions, especially those
produced by a Fourier-plane pulse shaper. Beyond the sampling limit for the
pulse spectrum, the accuracy depends somewhat upon the details of the recon-
struction algorithm. In practice, those that use integration over the measured
spectral phase give the most accurate results.

In practice the accuracy must be evaluated for each implementation, on the basis
of the parameter settings for that piece of apparatus. It is therefore impossible to
make a general statement about the accuracy of the spectral shearing method as
a whole. However, an instrument using a simple integration algorithm for which
the spectral phase is oversampled by a factor of 2 has an accuracy that scales
roughly as ten times the noise fraction, where this is defined as the ratio of the
variance of the noise to the maximum signal of the interferogram [256]. Al-
though the SSI experimental trace is a single one-dimension interferogram, its
robustness to noise was found similar to spectrographic techniques requiring the
acquisition of a two-dimensional experimental trace [255].

One useful feature of the direct inversion possible in SSI is that it is possible to
determine analytically the effect of systematic errors in the apparatus on the es-
timation of the test field. The primary systematic errors arise from miscalibra-
tion of the delay 7 that gives rise to the carrier fringes. For example, miscalibra-
tion of the spectrometer can lead to some error in the delay calibration, although
efficient and simple calibration procedures have been devised [236]. Ultrabroad-
band pulses also require a carefully designed interferometer [257,258]. A delay
calibration error o7 leads to an additive linear component wdT on the spectral
phase before concatenation. The integrated phase has an additional component
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that is quadratic in frequency, 67w?/(2Q2), i.e., an error 57/€) is made in the re-
trieved second-order dispersion. This may alter the duration of the reconstructed
pulse compared with the actual pulse. A simple example illustrates the main is-
sues. Consider a Gaussian test pulse with bandwidth Aw, corresponding to a
Fourier-transform-limited pulse duration Azpp; and to an actual pulse duration
At,. In the presence of second-order dispersion ¢ and error on the second-
order dispersion 87/}, the actual pulse duration is

Aw?
A=At | 1+ ——(¢?)* |, (5.20)
Afprp
and the measured pulse duration is
2 2 Aw’ ) 2
AP =Atpqy | 1+ —— (P + 67/Q)% |. (5.21)
IFTL

If the actual pulse is Fourier-transform limited (i.e., $®=0 and Aty=Atery ), Eq.
(5.21) can be written simply as

ey, =1+ WNe) -1, (5.22)

where €, is the relative error on the pulse duration (Az—At,)/At,, €, is the rela-
tive error on the delay 67/ Atpyp, and N=Aw/(} is the degree above the Fourier-
transform limit chosen for the sampling window. If the pulse is far from the
Fourier-transform limit, Eq. (5.21) can be written simply as

Atprp

€ .
T Aty

Ear— (5.23)

Orders of magnitude can be obtained from a simple example. For N=20 (i.e., a
setup that is arranged to measure pulses up to 20 times the Fourier-transform
limit) a 1% delay calibration error corresponds to a 2% error in the estimated
pulse duration for a Fourier-transform-limited pulse. Taking the example of a
chirped pulse with Afy=10Atzr, a 1% delay error still leads to a 2% error in the
estimated pulse duration. This is not a severe constraint. For example, even for
the most extreme case of pulses in the single-cycle regime, where Aty =2.5 fs,
the delay must be calibrated to within a path length of A/100, which requires a
well-designed interferometer and proper alignment procedure. In that extreme
case, however, all methods have some form of systematic error that must be dealt
with carefully. Unfortunately, it is not so simple to ascertain the severity of cali-
bration errors for most methods—and not at all in analytic form.

Precision. Because the spectral interferogram is often measured by using a spec-
trometer with much higher resolution than required by the Shannon theorem, the
measured spectrum is actually oversampled for reconstructing pulses on the in-
terval [—7/Q, w/Q]. Therefore multiple samples of the phase can be concat-
enated and used to estimate the precision of the reconstruction. Thus, a first
sample is constructed by starting at pixel 0, concatenating every (), a second set
by starting at pixel 1, and so on. The second set is sampled on a grid that is
shifted from the first by dw, the spectrometer sampling rate:

P(6w) =0,
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P dw+ (n+1)Q] = d(Sw +nQ) + (5w + nl). (5.24)

The number of different independent determinations of the field M is of the or-
der of ()/ dw. Because of the initial hypothesis that () is a sufficient sampling for
the field, all of these determinations are equivalent. These sets of data can be
used to refine the measurement or reduce the sensitivity to noise [259]. Because
the fields are on different sampling grids in the spectral domain, it is not possible
to directly sum them to get an average retrieved field. If, however, each of them
is Fourier transformed to the temporal domain, where they represent the same
electric field on the same sampling grid, then an average of the temporal field can
be obtained with no shifting of the temporal fields. The reason is that all the
fields retrieved from the same extracted SSI phase 6(w) will have the same time
fiducial and thus be consistent. The constant phase of each of these fields is com-
pletely arbitrary, since it depends only on the choice of the initial phase for each
set before concatenation and is not determined by the phase 6(w). This proce-
dure has several technical advantages. First, because it reconstructs several rep-
resentations of the same electric field, it allows a test of the precision of the re-
construction. Second, because it directly uses the sampling rate (), it allows
undersampling to be easily recognized. The reconstructed temporal electric field
should be equal to zero at the edges of the time window, to be consistent with the
condition of finite temporal support compatible with the shear (). Any deviation
from this condition indicates undersampling.

5.4. Time-Domain Interferometric Measurements

Although we have focused on SI for the purposes of discussing inversion meth-
ods, these can be applied equally well to a signal measured in the time domain.
As mentioned in Subsection 5.2, this requires a detector with high temporal res-
olution, rather than one with high spectral resolution. Typically these are diffi-
cult to find for femtosecond-duration pulses. Nonetheless, some of the earliest
work in interferometric characterization of optical pulses was done in the time
domain.

5.4a. Test-Plus Reference Temporal Interferometry

A time-domain version of reference-pulse-based interferometry was developed
by Rothenberg and Grischkowsky [260]. In their approach, a spectral filter is
placed in one arm of an interferometer. The monochromatic frequency compo-
nent resulting from the spectrally filtered path provides an effective reference
with which to compare the pulse that passes through the unfiltered arm of the
interferometer. The resulting temporal interferogram contains sufficient infor-
mation for reconstructing the pulse-shape of the unaltered pulse. The fringe pat-
tern is measured by a photodetector. The response of the detector determines the
maximum bandwidth Aw of the test pulse: the fastest temporal beats occur at
frequency Aw/2. Constraints on the available detector time resolution limit this
method to the measurement of relatively long pulses.

5.4b. Self-Referencing Temporal Interferometry

In the femtosecond regime, a fast-response detector may be synthesized by using
a nonlinear optical wave-mixing process, such as upconversion, with the test
pulse, which sets the temporal resolution to be close to the duration of the input
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pulses. Consequently, the narrow-time-gate assumption is not valid for fre-
quency separations, Aw, greater than a small fraction of the pulse bandwidth,
since the temporal beat note is too fast to resolve.

The narrow-time-gate approximation does hold for small frequency separations;
so slices of the two-frequency correlation function near Aw=0 can be recorded.
If the pulses in the train are assumed to be identical, a sampling of one such slice
is sufficient for reconstructing the pulse electric field. When coherence is as-
sumed, the phase of the two-frequency correlation function is no more than the
phase difference between the selected spectral components. When coupled with
knowledge of the pulse spectrum, the spectral phase differences for a set of fre-
quencies separated by Aw provide ample information for reconstructing the
pulse electric field. This is precisely the approach adopted by Chu and coworkers
[261,262] in their direct optical spectral phase measurement (DOSPM). Direct
optical spectral phase measurement uses an apparatus in which a pair of adjust-
able slits is placed in the Fourier-transform plane of a zero-dispersion pulse
stretcher. This spectral filter with dual passbands of adjustable center frequen-
cies is equivalent to a pair of in-parallel single-frequency spectral filters.

A related approach to sampling the two-frequency correlation function by
means of interferometry has been developed by Prein et al. [263]. In this ap-
proach, an ultrafast photodiode and Schottky diode nonlinear mixer are used to
record the temporal intensity beats between adjacent pairs of spectral compo-
nents of the input pulse that are separated by a gigahertz or so in frequency. The
relative phase of the beats for different spectral pairs is related to the spectral
phase difference between the two wavelengths, permitting the spectral phase
function itself to be reconstructed.

The temporal interference between two optical frequencies can be resolved in
principle by using a much slower photodetector. This can be achieved by stretch-
ing two temporally delayed replicas of the pulse under test by using chromatic
dispersion [264,265]. For a delay 7 and large second-order dispersion ¢®, two
optical frequencies separated by 7/ ¢ interfere at a given time ¢, and it is pos-
sible to recover the spectral phase difference between these frequencies, for ex-
ample, by using a Fourier-transform algorithm [266,267]. One difficulty with
this approach is that the reconstructed spectral phase is that of the stretched
pulse, and accurate characterization of the large chromatic dispersion added to
the pulse to perform the measurement is mandatory. This, however, does not
hinder the ability of this technique to accurately quantify the chromatic disper-
sion of the element used to stretch the pair of pulses.

If the source has a high duty cycle, it suffices to measure the phase difference
between well-separated spectral modes with a fast photodiode used as a nonsta-
tionary element. This can be achieved by isolating the two modes, for example at
frequencies (1, and (},,,, and measuring the resulting temporal intensity with a
bandwidth larger than the mode spacing () [268-270].

An alternative way to separate two spectral components is to use the spatial mul-
tiplexing properties of SI. For example, in spectral interferometry resolved in
time (SPIRIT), two replicas of the pulse under test are spatially dispersed so that
a point x in space corresponds to a frequency w from the first pulse and fre-
quency w+{) from the second pulse [271-273]. One way of achieving this is to
send two noncollinear beams on a diffraction grating and focus the diffracted
beams with a lens. The phase of the beating between these replicas, which leads
to the corresponding spectral phase difference, can be read in the time domain
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by using a nonlinear cross-correlation with a short optical pulse, e.g., the pulse
under test itself.

5.5. Spectral Phase Interferometry for Direct Electric Field
Reconsfruction

Self-referencing SI relies on the interference between two frequency-sheared
replicas of the input (test) field. These may be obtained from a single input pulse
by either linear or nonlinear means. It is, of course, preferable to use the former
where at all possible: the current technological limit is to pulses of at least 100 fs
duration. For durations shorter than this, nonlinear means of generating a fre-
quency shear must be employed. Nonlinear methods are therefore important in
the regime of ultrashort optical pulses, while linear techniques are more appro-
priate for low-energy pulses with durations longer than 100 fs.

SPIDER is an implementation of shearing interferometry in the optical domain,
using nonlinear means to obtain a relative frequency shift between two replicas
of'the test pulse [274,275]. This spectral shear is obtained by nonlinear mixing of
both delayed replicas of the pulse with a chirped pulse in a nonlinear crystal.
This leads to a shift of each replica by a different frequency because of the
change of the instantaneous frequency in the chirped pulse over the delay be-
tween the replicas. This, in turn, gives rise to a relative shear between the two
replicas.

5.5a. Generic SPIDER

A generic SPIDER apparatus suitable for the measurement of pulses in the op-
tical region of the spectrum is shown in Fig. 37 [5]. Two pulse replicas with a
delay 7are generated in a Michelson-type interferometer or an etalon. A strongly
chirped pulse is generated by a dispersive delay line inducing the second-order
dispersion ¢'?). The chirped pulse and the two time-delayed replicas are mixed
in a crystal cut for sum-frequency generation (SFG; in the case of a type Il non-
linear interaction, a half-wave plate is introduced into the optical path of the
chirped pulse). The chirp introduced by the delay line is adequate to ensure that
each pulse replica is upconverted with a quasi-cw field, and the delay ensures

Figure 37

Nonlinear
crystal

Spectrometer

i

—t \ [ — N
Etalon
Schematic of a SPIDER device. The input pulse is used to generate a chirped
pulse by propagation in a dispersive delay line. Two temporally delayed replicas
of the pulse under test are nonlinearly mixed with the chirped pulse, and the re-
sulting interferogram is spectrally resolved by an optical spectrum analyzer.
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that each of the replicas upconverts with a different frequency component of the
input pulse spectrum (w, and w,+(}), leading to an output consisting of two
identical pulses with a spectral shear =17/ ¢*). The spectral representations of

the sheared pulses E  and E"z are centered near twice the carrier frequency of the
input pulse being characterized. When the sheared pulses are interfered, the
frequency-resolved signal is related to the input pulse field by

I(@) = |E () + Es(0)]* = |E(w — 0y — Q) Eg(wy+ Q)2 + |E(0 — w) Ep(wp)|?
+2|E(w— 0y~ Q)||E(0 — wo)l|[Ex(wy + Q)| Ex(w))]

Xcos[ (@ — wy— Q) = Pl — wy) = Prlwy+ Q) + Ppwy) + 07].
(5.25)

Thus the spectral fringe pattern (as a function of w) is determined by the differ-
ence between the spectral phase difference ¢(w—wy—Q)— d(w—w,) between
two frequencies in the test pulse separated by the shear (). This is exactly as in
SSI, and therefore the inversion algorithms outlined previously enable the spec-
tral phase of the test pulse to be extracted. Alternate processing techniques for
SPIDER can be found in [276-278].

The term linear in frequency w7 in the argument of the cosine is removed by us-
ing a calibration phase either at the fundamental or harmonic wavelength that is
characteristic of the instrument and that must be taken once [275]. This refer-
ence phase exactly corrects any influence of the calibration of the spectrometer
on the SPIDER interferogram [236]. This calibration of the device must be ac-
curate, and may be done a priori (thus the signal can be integrated or averaged).
It is frequently a linear measurement that can be performed around the wave-
length of the pulse under test. The pulse spectrum can be measured simulta-
neously with the SPIDER interferogram and on the same experimental trace
[251], or extracted from the SPIDER interferogram [252].

Note that the difference of the spectral phases of the ancillary stretched pulse
gives rise to an unknown constant phase, which is set arbitrarily to zero. Thus the
pulse is reconstructed completely except for the carrier-envelope offset phase
and the exact time of arrival of the pulse with respect to an external clock, as is
usually the case for self-referencing pulse characterization techniques.

SPIDER has a number of important features that make it particularly suitable for
certain applications. First, the rapidity of the data acquisition and inversion
mean that the reconstruction is not compromised by the source’s stability. More-
over, the inversion algorithm returns the mean spectral phase when the signal is
averaged over small random fluctuations in the pulse shape. The update rate for
pulse shape reconstruction is usually limited by the time needed to acquire the
traces: the algorithm itself runs at over 1 kHz [11,253,254].

Second, accurate measurement of the spectral phase does not require the re-
corded trace to be corrected for the phase-matching function of the nonlinear
process or the detector sensitivity [279,280]. The key to this remarkable robust-
ness is that the phase information is contained in the fringe spacing rather than
the visibility, and this is not compromised by wavelength-dependent responsiv-
ity in the apparatus, provided the sensitivity does not vary across one fringe.

5.5b. Cross-Correlation SPIDER

Equation (5.25) shows that the chirped pulse need not be derived from the input
test pulse: it can come from an entirely separate (though synchronized) laser sys-
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tem, and be at quite a different wavelength than the test pulse. This version of the
technique is called X-SPIDER and has been used to characterize pulses in the
blue [281] and visible regions of the spectrum [254]. There are obvious technical
advantages to using a high-energy pulse as this kind of ancilla, including an im-
proved signal-to-noise ratio, especially for weak test pulses, and the possibility
for frequency shifting to regions that are favorable for particular detectors, such
as Si-based CCD arrays.

5.5c. Homodyne Optical Technique for SPIDER

ST has the important advantage over SPIDER that it is linear in both the test pulse
field and the ancillary pulse field (in SI this is the reference pulse). This advan-
tage is characteristic of all homodyne detection methods. However, the major
disadvantage is that in SI the ancillary reference pulse must be well character-
ized. It is possible, however, to apply the methods of homodyne detection to self-
referencing SI, in which case a significant gain in sensitivity is possible.

In the homodyne optical technique for SPIDER (HOT-SPIDER), the pulse cor-
responding to the two different frequency shifts w, and w,+{) is interfered se-
quentially with a local oscillator (LO) [282]. After shifting by w,, using nonlin-
ear conversion with a chirped pulse, the spectral phase difference 6,(w)
= o) — d(w—wy) + w7 g is extracted from the resulting interferogram, where
¢y o 1s the spectral phase of the local oscillator and 7 g is the delay between the
replica and the local oscillator. For the replica shifted by w,+{) (obtained for ex-
ample by delaying the chirped pulse used for nonlinear conversion by 7), the ex-
tracted spectral phase difference is 6,(w)= ¢y o(w) — dw—wy— Q)+ w7 5. Note
that the shear is set by the delay 7, and the delay between the sheared replicas and
the local oscillator remains constant. Subtracting the two phases thus gives
0, (w)— 0, (w)=d(w—w;) — d(w—wy— (1), which is identical to the phase differ-
ence obtained with standard SPIDER after removal of the delay term. The stan-
dard recovery algorithm can then be applied to extract the spectral phase of the
test pulse.

Apart from the increase in sensitivity that can be obtained with a high-energy
local oscillator, HOT-SPIDER is automatically calibrated and does not require
two replicas of the input pulse to be made simultaneously. Furthermore, since
the shear is not set by the delay 7; o, this delay can be set to a small value, so that
HOT-SPIDER can operate with greatly reduced spectrometer resolution. This,
too, leads to a higher signal-to-noise ratio and thus greater accuracy in recon-
structing the pulse field. HOT-SPIDER setups based on temporal scanning
[283,284] and dual-quadrature detection [285] have also been demonstrated.

5.5d. Spatially-Resolved SPIDER

SPIDER is particularly well suited for measuring space—time coupling in ul-
trashort pulses because the temporal dependence of the field at a single point in
the beam can be reconstructed from a one-dimensional measurement—a single
spectral interferogram. Therefore, an imaging spectrometer and a two-
dimensional detector array (a CCD camera, for example) enables measurements
of the spatial dependence of the temporal field [286]. Moreover, the noniterative
reconstruction algorithm enables rapid processing of the large amount of data
resulting from the additional degree of freedom. This simple extension does not
require any prior knowledge of the spatial chirp of the pulse before the appara-
tus, nor does it require the beam to be spatially filtered, as is often the case in
autocorrelation-based measurements.
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For a SPIDER device based on SFG, for example, the two broadband test pulse
replicas are mixed with two quasi-cw slices of a strongly chirped ancillary pulse.
In the spectral domain, each of these SFG processes corresponds to the convo-
lution of a broadband spectrum with a narrowband spectrum. As a result, the in-
put beam becomes shifted by a constant frequency and is multiplied by the spa-
tial mode pattern of the particular quasi-cw slice. Therefore the spatial chirp of
the ancilla does not cause a frequency-dependent efficiency, since the same cw
slice is mixed with each frequency component of the test pulse. Thus only the
spatial intensity pattern, fringe contrast, and an undetermined phase constant of
the SPIDER signal are affected. Importantly, the spectral fringe spacing is unaf-
fected by spatial chirp. Because SPIDER uses only the latter for spectral phase
reconstruction, it works correctly even in the presence of significant spatial
chirp.

For the success of this method, it is important that the spatial phase information
be preserved during the nonlinear interaction and acquisition of the interfero-
gram. This can be achieved by focusing the two time-delayed replicas of the in-
put pulse into the nonlinear crystal, together with the unfocused chirped pulse.
As the beam size of the focused replicas at the image plane is very small com-
pared with the size of the unfocused chirped pulse, frequency conversion pre-
serves the spatial information. A second recollimating lens then gives two
frequency-shifted replicas, £(x,w—w,) and E(x, w—w,—). These ficlds may
also be obtained by mixing the unfocused fundamental pulses with a spatially
expanded chirped pulse. This eliminates any space—time coupling due to the fo-
cusing optics. The spectral interferogram is measured as a function of x and w
with a two-dimensional imaging spectrometer having its entrance slit oriented
along x. Independent processing of each line of the interferogram leads to the
spectral phase of the pulse at the corresponding spatial location and, hence, the
temporal pulse shape at this location up to a constant phase and delay. Therefore,
variations in the pulse shape are revealed, but no wavefront information is ob-
tained.

5.5e. Space-Time SPIDER

In fact it is possible to go beyond spatially resolved SPIDER measurements and
relate the spectral phases at each point in the beam. This provides a unique ca-
pability: the measurement of the complete spatiotemporal field, including spec-
trally dependent wavefront distortions [287]. The device operates by measuring
two orthogonal gradients of the phase ¢(x,w) as a function of space and fre-
quency, the spectral phase gradient d¢/ dw(x, w) and the spatial phase gradient
d¢p/ dx(x,w) and reconstructs the phase from these gradients by using standard
spatial shearing interferometry algorithms.

The spectral phase gradient at each point in the beam d¢p/ dw(x, w) can be mea-
sured by using a spatially resolved version of SPIDER, as described in Subsec-
tion 5.5d above. The spectrally resolved spatial phase gradient d¢p/dx(x, w) is
measured by imaging the input beam at the fundamental frequency onto the slit
of the two-dimensional spectrometer through a Michelson interferometer. This
interferometer provides independent control of the shear, tilt, and delay between
the two interfering pulses. One can use a combination of delay and tilt to provide
fringes in the interferogram measured by the imaging spectrometer, which al-
lows the extraction of the interferometric component by Fourier-transform tech-
niques. For a small shear X, the gradient d¢b/dx(x,w) can be approximated by

[px+X,w)—P(x,w)]/X.
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The spatially resolved SPIDER interferogram, near the second-harmonic wave-
length of the input pulse, and the spectrally resolved lateral shearing interfero-
gram, at the fundamental wavelength, can be recorded simultaneously on a
single two-dimensional detector by using the first and second diffraction order of
the grating of the spectrometer. Single-shot operation of the device is therefore
possible. Both phase gradients can be extracted simply from the single data set
because they can be encoded differently in the superimposed interferograms.
The spectral phase gradient is extracted from fringes due to the delay between
interfering pulses, i.e., that lie predominantly parallel to the spatial axis of the
interferogram. The spatial phase gradient is obtained from fringes set by the
Michelson interferometer; for example, tilt will lead to fringes that are predomi-
nantly parallel to the spectral axis. An example of spatiotemporal characteriza-
tion of the field of a pulse after propagation through a prism, which causes
space—time coupling by virtue of angular dispersion, is shown in Fig. 38. The in-
duced angular dispersion is seen as the phase ¢(x, w)=ywx, where v is the pro-
portionality constant between optical frequency and the wave vector due to the
prism angular dispersion. In the spatiotemporal domain, the pulse-front tilt
manifests itself as the coupling between time and space.

5.51. Spatially Encoded Arrangement for SPIDER

In SSI, the spectral sampling rate of the detected signal must be twice the
Whitaker—Shannon limit for the test pulse. In spectrography, however, it can be
at the limit. This means that a lower resolution spectrometer may be used for
pulses of the same bandwidth and temporal support in spectrography than in
SSI. In practice, an implementation of SSI such as SPIDER operates at a signifi-
cantly higher sampling rate (typically between 5 and 10 times the Whitaker—
Shannon limit) because of the coupling of the spectral shear and the temporal
delay required for encoding the phase into the interferogram. By contrast, non-
linear spectrographic methods, such as frequency-resolved optical gating
(FROG), typically operate at only a few times the Whitaker—Shannon limit. The
advantage of the oversampling in SI is that the inversion of the data to the spec-
tral phase does not require iteration and is insensitive to variations in the spectral

Figure 38
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(a) Spatially resolved interferograms for space-time SPIDER, with (upper)
spectral shear and (lower) spatial shear. The fringes are due to a delay between
interfering pulses in the upper plot and to a tilt between interfering pulses in the
lower plot. (b) Reconstructed spatiospectral phase map for a pulse dispersed by a
prism, extracted from the interferograms in (a). (¢) Space—time intensity of the
pulse with this spatiospectral phase, showing pulse-front tilt.
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response of the apparatus. The disadvantage is that a higher resolution spectrom-
eter is needed than is strictly necessary for the pulse at hand.

A way around this problem is provided by encoding the spectral correlation
function, which contains the required spectral phase information, into a spatial
fringe pattern, hence the acronym SEA-SPIDER for spatially encoded arrange-
ment for SPIDER [288,289]. In this case the spectral resolution of the spectrom-
eter can be exactly at the sampling limit, though the spatial resolution must be
correspondingly beyond the spatial sampling limit. Further, this approach re-
quires only a single copy of the test pulse, thereby eliminating extraneous optics
required to produce a replica. This is important for extremely broadband pulses.

The apparatus is configured as shown in Fig. 39. The beams are arranged so that
the test pulse is mixed with two noncollinear chirped ancillary pulses in a non-
linear crystal, and two frequency-shifted and sheared replicas are generated.
These propagate in different directions, set by the phase-matching angles in the
crystal, and are brought together to interfere in an imaging spectrometer. Since
there is no temporal delay between the two beams, there are no spectral fringes:
hence the spectrometer resolution can be the minimum required by the sampling
theorem. On the other hand, because the beams are at an angle with respect to
one another, there are spatial fringes, which are resolved on the CCD camera. A
straightforward modification of the SI inversion algorithm enables the SPIDER
phase for the pulse at position x in the beam to be extracted. This is achieved by
taking a Fourier transform with respect to both position and frequency to sepa-
rate the spectral correlation function from the spatiospectral intensities. The spa-
tiospectral phase extracted from the interferogram is ¢(x, w—w;) — d(x, w—w,
+))+Kx, where K is the difference in the mean transverse wave vectors of the
interfering beams (their tilt with respect to each other). An example of a
SEA-SPIDER interferogram measured for pulses in the few-cycle regime gen-
erated by means of a highly nonlinear process is shown in Fig. 40(a). The Wigner

Figure 39

SEA-SPIDER apparatus showing the use of a single copy of the test pulse and
two chirped ancillae to encode the spectral phase in a spectrally resolved spatial
interferogram. The tilted upconverted replicas generated in the crystal are reim-
aged on the detector through an imaging spectrometer. The shape of the fringes
indicates the spectral phase derivative, providing an intuitive diagnostic of the

pulse structure.
. _______________________________________________________________________________________|
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Figure 40

(a) SEA-SPIDER Interferogram (b) Reconstructed Wigner Distribution
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SEA-SPIDER measurements of the output of a hollow-core-fiber compressor
system. (a) The spatial fringe maxima in the SEA-SPIDER interferogram map
the gradient of the spectral phase across that section of the beam. Note the spec-
tral cut at 950 nm due to the limited bandwidth of the chirped mirrors used for
compression. (b) Chronocyclic Wigner function of the pulse, indicating the
complex character of the compressor output. The pulse has a slight positive
chirp and structure away from the main peak. (c) Measured spectral intensity
(blue) and reconstructed spectral phase (green), taken at the center of the beam.
(d) Fourier-transform-limited temporal intensity (blue) and reconstructed tem-
poral intensity (green). The full width at half-maximum pulse durations are 5.2

and 7.5 fs, respectively.
________________________________________________________________________________________|

function of the reconstructed pulse [Fig. 40(b)] shows that the pulse has a slight
positive chirp and temporal structure separated from the main peak, which is
very short. The marginals of the Wigner function shown in Figs. 40(c) and 40(d)
indicate that the temporal intensity profile is a little longer than a transform-
limited pulse of the same bandwidth, owing to the residual spectral phase in-
duced by the finite bandwidth of the chirped mirrors.

5.5g. Long-Crystal SPIDER and ARAIGNEE

The spectral filtering properties of the phase-matching function of wave mixing
in a long nonlinear medium may also be used to simplify the SPIDER apparatus
[Fig. 41(a) and 41(b)]. In conventional SPIDER, a spectral shear between two
test pulse replicas is produced when they upconvert with different quasi-
monochromatic slices of a highly chirped ancillary pulse in a thin nonlinear
crystal. An alternative approach is to effect the mixing of a broadband test pulse
with a narrowband ancilla in a single, long nonlinear crystal. In such a crystal
oriented for type Il SFG the incident pulse propagating as an ordinary wave (o
wave) has a large acceptance bandwidth, whereas the extraordinary wave (e
wave) has a much narrower acceptance bandwidth. This highly asymmetric
phase-matching function shape is due to a group-velocity match between the o
fundamental input and the e upconverted output and a group-velocity mismatch
between the e fundamental and the e upconverted fields. As a result, the ordinary
test pulse is upconverted with a single e-ray frequency, resulting in its replication
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Figure 41
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Schematic diagram illustrating the nonlinear process for generating two spec-
trally sheared replicas in (a) SPIDER and (b) ARAIGNEE. In the latter, the di-
rection of propagation of the beams in the long crystal determines the wave-
length of upconversion. (¢c) The ARAIGNEE apparatus, showing the paths for
the fundamental (red) and upconverted (blue) beams that are interfered in the
spectrometer.

at the upconverted frequency, as shown in Fig. 41(b) [290]. The angle of propa-
gation relative to the crystal optic axis determines the frequency of the narrow-
band component of the e wave, which upconverts with the entire spectrum of the
o wave, providing the spectral shear necessary for SSI. If the e-ray pulse walks
completely through the o-ray pulse as it propagates through the crystal, then the
upconverted o-ray pulse is a spectrally shifted replica of the fundamental test
pulse.

The apparatus to effect a spectral shear is shown in Fig. 41(c). The test pulse is
split into two orthogonally polarized components by a wave plate, and the e-ray
is advanced with respect to the o-ray on transmission through a piece of linear,
low-dispersion, birefringent crystal such as quartz. The pulses are further split
into two by reflection from a split mirror, which directs each time-delayed pair
into the nonlinear crystal, each pair propagating at a different angle to the ¢ axis.
Each pair mixes so that two spectrally sheared replicas of the test pulse are pro-
duced by SFG. At the output of the crystal, the two beams are overlapped by
means of a 10 cm lens onto the entrance slit of a compact grating spectrometer.
The resulting spectral interferogram is processed in the same way as a normal
SPIDER trace. In keeping with established practice, this is known as “another
ridiculous acronym for interferometric geometrically-simplified noniterative
E-field extraction” (ARAIGNEE, the French word for SPIDER) [291].

5.5h. Zero-Added-Phase SPIDER

Zero-added-phase SPIDER (ZAP-SPIDER) does not require replication of the
test pulse and makes use of two chirped pulses to upconvert with a single test
pulse. Because no replica needs to be made, the optics seen by the test pulse are
minimal and may be all be completely reflective. This means that they add no
spectral phase to the test pulse; hence the acronym [292,293]. The two ancillae
nevertheless generate two upconverted and frequency sheared replicas that may
be interfered to obtain a spectral interferogram. The important innovation to note
is that the upconversion process may be angularly multiplexed. That is, each an-
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cilla mixes with the test pulse at a slightly different angle, still within the angular
and spectral acceptance bandwidth of the nonlinear crystal. This generates two
upconverted pulses from the single test pulse that propagate at different direc-
tions, owing to the phase-matching conditions imposed by the nonlinear pro-
cess. The upconverted pulses are recombined into copropagating beams by using
mirrors that also introduce a delay, so that the spectral interferogram is identical
in form to the SPIDER interferogram. The same constraints on the chirp of
the ancillae applies here as in SPIDER, but ZAP-SPIDER shares with
HOT-SPIDER the independence of the delay and shear, which again provides an
improvement in the signal-to-noise ratio.

5.5i. Calibration-Parameter Encoding. Two-Dimensional Spectral
Shearing Interferometry

Spatial encoding of the spectral phase may be viewed as using the calibration pa-
rameter as the encoding variable. This approach may also be implemented by
modulating the pulse delay in the conventional SPIDER apparatus. The mea-
sured signal is then a function of the frequency, as in the conventional SPIDER
detection, and also a function of the delay—thus the fringe pattern is two-
dimensional. The functional form of the interferogram is very similar to that of
SEA-SPIDER, except that the spatial variable x is replaced by the delay variable
7. The fringes are given by the loci of constant value of the SPIDER phase func-
tion p(w—wy) — dp(w—wy+Q)+ w74, and the spectral phase of the test pulse
may be extracted by using the SEA-SPIDER algorithm. This approach has simi-
lar advantages to SEA- and ZAP-SPIDER for ultrabroadband pulses, since it
may be implemented without requiring replication of the test pulse [258]. In this
apparatus, illustrated in Fig. 42(a), the ancilla is replicated in a Michelson-type
interferometer, and the delay between the two ancillae is modulated. The com-
bined ancillae are upconverted by mixing with the test pulse, and the resulting
sum-frequency spectrum is recorded as a function of this delay. Exemplary mea-
sured interferograms are shown in Fig. 42(b) for a pulse close to the Fourier-
transform limit and in Fig. 42(c) for a pulse stretched by propagation into 1 mm
of fused silica, where the chirp is revealed by the tilt of the fringes. The fringe-
resolved autocorrelation calculated from the extracted pulsed field is compared
with the measured autocorrelation in Fig. 42(d): the excellent agreement be-
tween the two traces emphasizes the suitability of this approach for ultrabroad-
band pulses in the single-cycle regime.

5.6. Self-Referencing Spectral Interferometry Based on
Linear Temporal Phase Modulation

A spectral shift can be obtained directly by linear temporal phase modulation. In
fact, the first proposals of SSI were made along these lines [31,250]. A linear
temporal phase modulation exp(i{)¢) directly induces a spectral shear on an op-
tical pulse, provided that the temporal phase modulation is linear over the tem-
poral support of the pulse. Since the relative shear in SSI must be of the order of
a few percent of the bandwidth of the source under test, this approach has be-
come practical only with the development of high-efficiency, high-speed phase
modulators based on lithium niobate. In these modulators, the voltage drive
modulates the optical index via the electro-optic effect. This has been imple-
mented by using a sinusoidal drive or a pulse generator for characterization of
pulses in various wavelength ranges [294-296]. A modulator driven by a sinu-
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(a) Schematic of the two-dimensional spectral shearing interferometry (2DSI)
apparatus, showing the generation of two phase-delay-variable chirped ancillae
in a Michelson interferometer. (b) Raw interferograms from (a) a 5 fs laser pulse
and (b) a pulse dispersed by 1 mm of fused silica. (c) Predicted and measured
interferometric autocorrelation of a 5 fs pulse (figure courtesy J. Birge and F.
Kaértner).

soidal RF voltage at a frequency f, V(¢)=V, sin(27ft), induces the temporal
phase m(V,/V, )sin(27ft), where V. is the voltage necessary to obtain a 7r phase
shift. The temporal phase can be linearized around one of its zero crossings to
give the temporal phase modulation (27 V,f/ V)¢, which identifies the induced
spectral shear Q=27fV,/V,. Large shears are then obtained by using large
voltages V in high-efficiency, low-}_ modulators at high frequency f(or equiva-
lently, high-bandwidth voltage pulses). Symmetric setups in which two optical
pulses are spectrally sheared in opposite directions have been used. This is natu-
rally obtained by sending two pulses separated by a delay 7in a phase modulator
driven by a sinusoidal drive with a period equal to 27, as pictured in Fig. 43(a).
The linear implementations of SSI, like other linear techniques, are highly sen-
sitive. Figure 43(b) presents the spectral phase of a short optical pulse measured
at three different average powers. Accuracy is preserved even with power lower
than 1 ©W. In fact, the SSI setup described in [296] can characterize a 1 nJ pulse
in single-shot operation. Furthermore, pulses with long temporal support can be
measured as long as a linear temporal phase modulation can be maintained, and
pulses stretched to tens and even hundreds of times the Fourier-transform limit
have been characterized. Spectral shearing interferometry can also be used with-
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(a) Schematic arrangement for a linear spectral shearing interferometer based on
electro-optic modulation. (b) Spectrum (solid black curve) and spectral phase
measured for an input average power of 2 mW, 10 xW, and 270 nW (solid red
curve, blue dots, and green squares, respectively).

out a delay between the two interfering pulses, in which case the phase of the
interferometric component can be retrieved by scanning the relative phase of the
interfering pulses [297].

5.7. Techniqgues for Sources with Discrete Spectral Modes

There exist implementations of SSI adapted to the characterization of periodic
sources with high duty cycles. These sources have an optical spectrum com-
posed of a small number of spectral modes at the frequencies {(),} separated by
the repetition rate of the source (), and complete characterization of the corre-
sponding electric field is obtained by measuring the intensity and phase of each
mode. The phase difference between the spectral modes can be inferred by mea-
suring the beating between two adjacent modes in the time domain. A significant
reduction of the photodetection bandwidth requirement is achieved if a time-
nonstationary modulation is performed before photodetection. For example,
modulation of the periodic source under test at the frequency ()/2 generates
sidebands of each mode; i.e., the mode at frequency (), leads to sidebands at
Q,—Q/2 and Q,+Q/2. The lower and upper sidebands of the two successive
modes (), and (), | therefore interfere at the optical frequency €2,+()/2, and the
relative phase between modes can be recovered from the spectrally resolved in-
terference measured for a plurality of relative phases between the optical source
and the temporal modulation [20]. If the modulation is performed at a frequency
slightly offset from half the repetition rate of the source, the sideband interfer-
ence occurs at a small nonzero frequency. It can be measured with a low-
bandwidth photodetector after the modulated source has been filtered around the

Advances in Optics and Photonics 1, 308-437 (2009) doi:10.1364/A0P.1.000308 405



sidebands being measured [298]. In practice, it might be more convenient to use
a modulation at the frequency of the source under test, since it can be recovered
easily by direct photodetection or from the drive of the optical source in some
cases. For a modulation at the frequency (), the spectral density at a given mode
), is impacted by the phase of the modes (), |, (},,, and (,,, ,. The spectral phase
can nevertheless be reconstructed by using the optical spectra measured for dif-
ferent relative delays between the source under test and the modulation [299].

A nonlinear technique was recently demonstrated to characterize sources with
discrete modes: the source with modes spaced by () is nonlinearly mixed with
two CW sources at frequencies separated by () [300]. As in SPIDER variants us-
ing only one test pulse and two chirped pulses, nonlinear mixing of the test pulse
with each monochromatic frequency leads to two spectrally sheared pulses. The
spectrum of the two interfering pulses can be measured by using an optical spec-
trum analyzer, and extraction of the interferometric term requires the measure-
ment of several interferograms for different relative phases between the two
monochromatic sources (e.g., the four relative phases 0, 7/2, m, and 37/2 are
sufficient to extract the two quadratures of the complex interference term). An
advantage of this approach is that it can be used for sources with high duty
cycles.

5.8. Conclusions

Interferometry has proved to be a reliable and flexible method for measuring ul-
trashort pulsed fields. A particularly useful feature of this approach is the direct
coding of spectral phase in the experimental data, allowing simple, robust and
rapid inversion algorithms. In its test-plus-reference form, it is suitable for use
with a known reference that can be obtained from any of the many characteriza-
tion methods and is very sensitive, reaching the quantum limit for measurement
of the quadrature amplitude of the fields and providing a direct estimation of the
quantum state of the light pulse [301]. Self-referencing interferometry extends
the scope of interferometric measurements to the case where no appropriate ref-
erence pulse exists. One form, spectral shearing interferometry (SSI), is particu-
larly adapted to the measurement of broadband pulses and has been imple-
mented for a wide range of wavelengths and pulse durations.

6. Current Areas of Research

The field at present is moving in a number of different directions. Now that the
basic principles are well established, and the most simple and reliable appara-
tuses have been demonstrated, the application to more complex fields is under-
way. This includes determining the space—time structure of a pulse, rather than
simply its temporal structure, as well as identifying the fields of pulses that are
not close to the transform limit or that may have highly structured spectra. In an-
other direction, the techniques developed for the optical domain are finding ap-
plication in the characterization of pulses in quite different spectral and temporal
domains, including that of attosecond-duration extreme UV (XUV) pulses gen-
erated via high-harmonic radiation from atoms. In this section, we highlight a
number of areas of current research activity that are particularly promising in
terms of new methods and new applications.
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6.1. Attosecond Metrology

It is now possible to produce pulses whose duration lies in the attosecond re-
gime, with mean wavelengths correspondingly in the XUV region of the spec-
trum. With these pulses one can study processes that have characteristic time
scales of attoseconds, namely, electronic dynamics in atoms, in molecules, and
on surfaces. Some notable achievements in the emerging field of attoscience in-
clude the generation of x-ray pulses with a duration of 650 as [302], trains of
250 as pulses [303,304], and the creation of individual sub-200 as pulses [305]
that can be used to measure electron motion with a temporal resolution of 100 as
[212]. At present, it is not possible to produce and measure attosecond pulses
routinely and easily. This is mainly because the bandwidth required is extraordi-
narily large and the mean wavelength of the pulse is in a region of the spectrum
where there are no standard linear or nonlinear materials. Therefore there are
limited options for optics that can be used to manipulate these pulses. The con-
straints of the extreme mean wavelength and the extreme bandwidth pose many
practical and physical limitations on the generation, manipulation, and detection
of attosecond pulses.

The primary method of creating attosecond pulses is to generate XUV light via
the interaction of an intense, phase-stabilized few-cycle laser pulse with a wave-
length in the mid-IR with an atomic or molecular gas. This process is known as
“high-harmonic generation” (HHG) [306—308]. In fact, the nonlinearity associ-
ated with this interaction can itself form the basis for measurements. However,
the most common nonlinear interaction is to mix the XUV pulse with an optical
pulse in another gas of atoms. The nonlinearity arises because when the XUV
pulse ionizes the atoms, the ionized electrons remain sufficiently close to the ion
for long enough to absorb radiation from the optical pulse that is simultaneously
present. Therefore the ionized electron energy is shifted with respect to what it
would be without the presence of the optical field. This energy shift can be ob-
served by using a photoelectron spectrometer. The details of the modification of
the photoelectron energy spectrum depend on the details of the XUV pulse that
is to be measured. For instance, if the XUV pulse is long compared with one
cycle of the optical pulse field, then the electron energy is simply proportional to
the sum of the XUV and optical frequencies. In this case, the photoelectron
spectrum has sidebands around the main XUV peak. Since these sidebands are
in principle replicas of the main ionization peak, which itself maps the ampli-
tude and phase of the XUV pulse spectrum, the effective action of the optical
field is to produce images of the XUV spectrum that are spectrally sheared into
the photoelectron spectrum. Now, if the XUV pulse consists of a train of short
attosecond bursts, as is the case when long driving pulses are used for HHG, then
its spectrum consists of the odd-order harmonics of the driving pulse frequency
wy. In this case, the photoelectron spectrum produced on mixing this pulse train
with a long optical pulse in an atomic gas is to produce both upconverted and
downconverted sidebands for each peak in the XUV spectrum. Since these are
displaced from the XUV peaks by w,, then the downconverted sideband of the
nth high harmonic overlaps spectrally with the upconverted sideband of the (n
—1)th harmonic and will interfere with it. The relative phase of the nth and (n
—1)th harmonics can thus be determined. With the assumption that all pulses in
the train are temporally similar, the measurement of this relative phase across the
whole XUV spectrum enables the envelope of the pulses in the train to be deter-
mined. This technique, known as “RABITT” (reconstruction of attosecond-
harmonic beating by interference of two-photon transitions) [309], bears some
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similarity to the sideband method of Debeau et al. [20], since the optical field
mimics the action of a phase modulator on the electron wave function and was
one of the first to be developed for attosecond pulse measurement. This approach
can simply be extended to the case of a two-frequency drive field, in which case
a SPIDER (spectral phase interferometry for direct electric-field reconstruction)
interferogram is possible in the photoelectron spectrum [310-313]. If, in addi-
tion, the relative delay between the optical pulse and the XUV pulse is changed,
then the interference fringes between the harmonic sidebands may also be
mapped out as a function of this delay, along with the harmonics themselves. In
this case the delay-resolved photoelectron spectrum contains components that
are reminiscent of a spectrogram as well as an interferogram. In fact, the model
of the optical pulse acting as a phase modulator for the ionized electron wave
function can be formulated in terms of a phase-gated spectrogram, so that an it-
erative deconvolution algorithm may be used to unravel the XUV pulse field, as
well as (at least in principle) the optical pulse field. This method is therefore
known as “FROG-CRAB” (frequency-resolved optical gating complete recon-
struction of attosecond bursts) [314,315]. Figure 44 presents results obtained
with this technique. The measured and retrieved spectrograms are shown in Figs.
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Characterization of sub100 as XUV pulses by using spectrograms. (a) Measured
photoelectron spectrum as a function of the delay between the XUV pulse and an
IR ancilla. (b) Spectrogram reconstructed by using an iterative deconvolution al-
gorithm. (c¢) Temporal intensity (solid curve) and phase (dashed curve) and (d)
spectral intensity (solid curve) and phase (dashed curve) of the reconstructed
XUV pulse, showing some residual chirp due to the HHG process (figure cour-
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44(a) and 44(b), and the temporal and spectral representations of the pulse are
shown in Figs. 44(c) and 44(d). The reconstructed XUV pulse has a duration of
80 as.

A different approach may be used to extract the XUV field if the XUV pulse du-
ration is short compared with one cycle of the optical pulse. In that case two situ-
ations can be distinguished. The first is that the pulse arrives near the extremum
of'a cycle and envelope of the optical field. In this case, the electron wave func-
tion is modulated just as a short optical pulse would be when arriving at a phase
modulator near an extremum of its drive signal. That is, the wave packet has a
quadratic temporal phase modulation imposed (the sign of which depends on
whether it arrives near the maximum or minimum of the cycle). This may lead to
a broadening or compression of the electron energy spectrum, depending on
whether the electron wave function (and therefore the XUV pulse that generated
it) is chirped or not. As with the optical case, for sufficiently large modulation
(i.e., sufficiently large optical pulse intensity) this scheme can be used as time-
to-frequency converter, when it is known as the “attosecond streak camera”
[212,316]. Similarly it should be possible to use this to implement chronocyclic
tomography [310].

A different approach to attosecond pulse characterization is to use the nonlinear-
ity of the harmonic generation process itself. In this approach, it is possible to
implement a spectral shear by changing the mean wavelength of the driving
pulse. To understand this, note that the spectrum of high harmonics for long
pulses consists of a series of peaks separated by twice the mean frequency of the
optical drive pulse. These odd-order harmonics occur because the ionized elec-
tron is driven twice past the ion core during each cycle of the optical pulse. Each
passage gives a probability amplitude for emission of an XUV photon upon re-
combination, and the sum of these different quantum pathways for the genera-
tion of an XUV photon leads to the radiation’s being emitted as a train of pulses,
with a corresponding comblike spectrum. The spacing of the harmonic spectral
peaks may be altered by driving the generation process with an optical pulse of a
different frequency. The spectral interferogram of radiation generated by two
sources with different spacing of the harmonics is then equivalent to a SPIDER
interferogram, from which the spectral phase of the XUV spectral peak may be
estimated. This approach has been implemented for one harmonic order of HHG
by using a collinear pair of frequency-shifted drive pulses [317,318]. This ver-
sion is limited in the wavelengths that can be measured because ionization of the
atoms by the first pulse modifies in a complicated way the phase of the XUV ra-
diation generated by the second pulse. This can be overcome by a SEA-SPIDER
(spatially encoded arrangement SPIDER) configuration [319], which also has
the advantage that space—time coupling in the emitted harmonics can be mea-
sured.

6.2. Spatiotemporal Characterization

Space—time characterization of optical waveforms brings in the spatial depen-
dence of the temporal waveforms of optical pulses. While the temporal wave-
form is ideally independent of the location in the beam, this property is not pre-
served by some optical pulse generation mechanisms. For example, short-pulse
oscillators based on Kerr-lens mode locking have been shown to exhibit a spa-
tially dependent optical spectrum and pulse shape [286,320]. The stretcher and
compressor of chirped-pulse amplification systems can induce spatiotemporal
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coupling if they are not aligned properly [321]. Such coupling is also induced by
properly aligned zero-dispersion lines [322]. Nonlinear propagation leads to
spatiotemporal coupling, since it induces a temporal phase proportional to the
intensity of light, therefore locations of the beam corresponding to different in-
tensities correspond to different induced temporal phases [323,324]. Chromatic
aberrations in lenses can lead to significant spatiotemporal coupling [325]. The
problem becomes particularly acute for high-power laser systems that use large
singlet lenses to perform relay imaging of broadband optical pulses [326] and
for applications of ultrashort optical pulses that require tight focusing [327]. The
performance of some applications of short optical pulses can actually be en-
hanced by spatiotemporal shaping [328—330]. There is therefore a need for some
accurate estimation of the spatial variations of the optical pulse shape, optimally
the full determination of the electric field as a function of time # (equivalently w)
and the transverse coordinate x and y (equivalently the spatial wave vectors k,
and k).

Spatiotemporal characterization usually goes beyond the simple measurement
of the temporal electric field at different locations in the beam, which can be ob-
tained by performing independent measurements of the temporal waveforms.
Indeed, while the electric field E(¢,x,) and E(¢,x,) can usually be retrieved up to
a constant and time delay, the information about the relative phase and delays
between these two fields is usually lost. Therefore, a more global approach to
spatiotemporal measurements, where relative phases and delays are properly ac-
counted for, is needed.

Some quantification of pulse-front tilt (the spatially dependent time of arrival of
an optical pulse to a reference plane perpendicular to its direction of propaga-
tion) can be obtained in correlating devices. For example, a nonlinear cross-
correlation between a short optical pulse and the pulse under test at different po-
sitions in the beam reveals the spatial variations of the time of arrival of the
optical wave packet at a reference plane [331]. Pulse-front tilt can also be in-
ferred by using an autocorrelator provided that the number of mirrors in the two
arms of the setup has a different parity [332]. The relative spatial inversion in-
troduced by this setup makes the experimental trace sensitive to spatial varia-
tions of the time of arrival at a reference plane.

Interferometry plays a significant role in spatiotemporal measurements, since
spatial interference on a time-integrating detector can directly reveal optical
phase differences. The space—time coupling introduced by various optical ele-
ments can be revealed by time-of-flight interferometry [333-335]. An input
source is split to generate a reference field and a probe field that propagates into
an element under test. The interference between the spatially inhomogeneous
field generated by the element under test and the reference field is recorded on a
time-integrating detector as a function of the relative delay between the two
fields. Interference is visible only when the relative delay is smaller than the co-
herence time of the input source, and one can therefore map the group delay dif-
ference between the two fields as a function of spatial location.

Spectral interferometry is another approach to spatiotemporal measurements.
The spectral interference between two optical pulses measured by a spectrom-
eter directly leads to their spectral phase difference. An undistorted or precisely
characterized pulse can be used as a reference pulse, in which case one can map
the spectral phase variations of the distorted pulse at different locations in the
beam relative to the spectral phase of the reference pulse [327,336,337]. A tech-
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nique using optical fibers has been demonstrated to spatially filter the two
beams: one of the fibers delivers a reference pulse while the other fiber is spa-
tially scanned [338,339]. Interference between the two optical waves occurs af-
ter free-space propagation and recollimation and leads to the spectral phase dif-
ference between the reference pulse and the pulse under test at the spatial
location where the corresponding collection fiber is located. A full representa-
tion of the spatially resolved spectral phase of the pulse under test relative to the
spectral phase of the reference pulse can be obtained by spatially scanning the
collection fiber. Note that, in all multishot techniques that use interference with a
reference pulse, coherence between the two interfering pulses is mandatory to
measure the interferometric term containing the phase difference between the
two pulses. This coherence is naturally obtained if a common optical source is
used to generate the reference pulse and the distorted pulse.

The spatial interference of two monochromatic beams leads to their spatial
phase difference. Assuming that one of the fields is a reference field, performing
this measurement at a discrete set of optical frequencies {w,} leads to ¢(x,y, w;)
up to a frequency-dependent phase that can be determined by measuring the
spectral phase at one or several spatial locations. The set of monochromatic
wavefront measurements can, for example, be obtained by generating a refer-
ence monochromatic wave and using it to measure the spatially resolved wave-
front of the pulse under test at the corresponding optical frequency, then scan-
ning the frequency of the reference wave [340]. This set of phases can be
obtained in a single shot by spatially multiplexing the interferograms corre-
sponding to different optical frequencies on the same camera. A discrete set of
optical frequencies from the reference and test beams is selected by combining a
diffractive optical element with an interference filter [341]. The diffractive opti-
cal element generates replicas of the two beams traveling in different directions.
The narrowband filtering function of the interference filter is direction depen-
dent, and the different diffracted directions correspond to filtering at different
optical frequencies. After this filtering element, propagation to a two-
dimensional detector leads to a set of discrete interferograms, which, with care-
ful calibration of the spatiotemporal coupling of the reference field, yields the
spatial phase difference between the reference and pulse under test at the corre-
sponding set of optical frequencies.

Self-referencing shearing interferometry can be used to quantify spatiotemporal
coupling. A simple linear setup uses the spectrally resolved interference of two
spatially sheared replicas of the input beam, which is measured with an imaging
spectrometer [342,343]. The spatially and spectrally resolved interference of the
two beams leads to the phase difference ¢(x+X, w)— @(x, w), which can be in-
tegrated to yield the spatiospectral phase ¢(x, w) up to an unknown function of
the optical frequency ¢, (w). Although such an experiment alone does not deter-
mine the pulse shape at any point in the beam, it is sufficient to estimate how
different the spectral properties of the pulse are at different points in the beam.
More complete information can be obtained by determining the function ¢,(w)
by using a complete measurement of the spectral phase performed at one point
in the beam. This was, for example, performed with spectral shearing interfer-
ometry in [287], where a spatially resolved spectral shearing interferometer
measures the spectral phase gradient d¢p/ dw(x,w) and the spectrally resolved
spatial shearing interferometer measures the spatial phase gradient d¢/ dx(x, w).
Algorithms used for spatial shearing interferometry can be used to reconstruct
the phase as a function of the spatial coordinate x and optical frequency w.
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6.3. Terahertz Optics

Terahertz (THz) waves, with wavelengths in the millimeter range, are extremely
useful for medical imaging, detection of concealed objects and substances, and
other applications where they are advantageous over optical waves because of
their increased penetration depth and propagation distance [344,345]. Proper
characterization of the THz waveforms that are generated and modified by
propagation in probe media is important to implement these applications. While
the short optical cycle of visible radiation prevents the direct measurement of the
electric field, the electric field of THz waveforms can be directly measured.
There are mainly two approaches for this measurement, photoconductive sam-
pling [346,347] and electro-optic sampling [348—350], both of which rely on an
ancillary optical pulse. Experimental details of these implementations can be
found, for example, in [351] and references therein, and direct comparisons of
these two techniques are presented in [351-353].

In photoconductive sampling, the THz waveform under test modulates the cur-
rent generated by a photoconductive antenna (e.g., fabricated with GaAs) ex-
cited by a short optical pulse. The measured current /(7) = [dtv,(1)g(¢— ), where
v, represents the voltage bias induced by the THz radiation across the photocon-
ductive gap and g is the photoconductance induced by the short optical pulse.
When the antenna frequency response is flat over the spectrum of the THz wave-
form, v, is proportional to the THz temporal electric field. The conductance is a
convolution of the temporal intensity of the short optical pulse with decreasing
exponentials that take into account the response time of the photocurrent and its
recovery. These finite response times can induce some distortions of the mea-
sured photocurrent, but in principle the measured modulation leads the temporal
electric field of the THz waveform. Nonetheless, it is possible to extract accu-
rately both the THz pulse shape [354] and the antenna response function [355]
by using the rapid turn-on of the gating pulse intensity, which sets an upper
bound on the bandwidth and a lower bound on the temporal resolution of the ap-
paratus. Figure 45 shows the design of a polarization-sensitive photoconductive
detector for THz pulses [356]. The vectorial electric field of two different pulses
is also shown.

Electro-optic sampling uses the voltage-induced variation of the optical index in
an electro-optic crystal (e.g., ZnTe) to modulate the polarization state of a lin-
early polarized optical pulse. The polarization modulation can be analyzed with
a polarizer, and the intensity modulation is directly proportional to the electric
field of the THz waveform. Electro-optic sampling can have very large band-
width if it is implemented in thin electro-optic crystals, where effects such as
group-velocity mismatch between the optical and THz waveforms and distor-
tions due to phonon—polariton coupling are small.

Single-shot operation of electro-optic sampling has been demonstrated in vari-
ous ways. Since some optical setups can measure the temporal intensity in a
single shot, THz waveforms encoded on an optical wave can be directly charac-
terized in the time domain provided that the intensity of the modulated wave is
recorded with sufficient bandwidth. This direct time-domain THz characteriza-
tion has been demonstrated by using a streak camera measuring the probe pulse
intensity after the electro-optic crystal and polarizer [357].

The relation between time and frequency in a chirped optical pulse allows the
encoding of a temporal modulation on the chirped-pulse optical spectrum,
which can be measured in a single shot with an array detector at the focal plane
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Schematic diagram of a terahertz time-domain photoconductive detector. (a)
Contact geometry of the polarization-sensitive THz receiver, including (b) an
electron micrograph of the gap region. A laser pulse forms a gate beam, which
generates electrons in the detector material, onto which the THz radiation is fo-
cused by using an off-axis parabolic mirror. The delay between the gate and the
THz pulses is varied to map out the electric field of the latter. (c), (d) Examples
of the vector field of two THz pulses measured by using this device (figure cour-

tesy E. Castro-Camus and M. B. Johnston).
____________________________________________________________________________________|

of a spectrometer [203]. In this implementation, the chirped pulse is synchro-
nized with the THz waveform in the electro-optic crystal, and the polarization
modulation of the chirped pulse is analyzed by a polarizer followed by a spec-
trometer. The THz waveform field is recorded over the temporal duration of the
chirped pulse T¢rpep- The bandwidth of such a diagnostic is limited by the
chirp rate, as the frequency content of the temporal modulation must be small
relative to the local frequency content of the chirped optical pulse. The temporal
resolution is of the order of 7, Tcyrpep, Where 7} is the duration of the optical
pulse before chirping. Since encoding is not performed on a spatial coordinate,
this technique can be extended to single-shot spatiotemporal THz characteriza-
tion. The chirped optical beam is extended along one spatial dimension, and the
optical spectrum measurement is performed along the corresponding direction
by using an imaging spectrometer [358].

Other setups for single-shot characterization of THz waveforms use time-to-
space encoding. In these techniques, the modulation is induced on a short optical
pulse, and different times in the THz waveform are encoded onto different spa-
tial locations. An array detector measuring the spatial intensity after the polar-
izer therefore yields the THz electric field after proper calibration of the time-to-
space encoding. Time-to-space mapping can be obtained by using
configurations similar to single-shot autocorrelators, for example, by using a
large angle between the THz and the short optical pulse in an electro-optic crys-
tal [359], using a large angle between an optical pulse modulated by a THz pulse
via the electro-optic effect and a short optical pulse in a nonlinear crystal [360],
or using a probe optical pulse after a dispersive element that introduces pulse-
front tilt [361]. A discrete version of a single-shot cross correlator has also been
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built with echelons [362]. Because these techniques do not rely on encoding of a
temporal modulation on the frequency component of the optical pulse, they are
limited in bandwidth only by the duration of the short optical pulse. Their tem-
poral range is limited by the temporal range covered by the time-to-space map-
ping of the optical pulse.

6.4, Carrier-Envelope Offset Phase

The phase stabilization of trains of optical pulses generated by mode-locked la-
sers and the broad spectra generated by these lasers have become increasingly
important in the recent years as octave-spanning sources have been developed
[363-365]. A truly complete characterization of a pulse field requires knowledge
of the carrier-envelope offset (CEO) phase ¢, (also known as the “absolute”
phase). The CEO phase is usually not a concern for applications of pulses that
are significantly longer than the duration of an optical cycle (i.e., the oscillation
of the electric field) at the corresponding wavelength range. However, for pulses
with durations of the order of a few optical cycles, the phase of the field oscilla-
tion under the envelope can significantly modify the shape of the real electric
field. The effect of this phase can be seen in Fig. 46: an offset of the CEO phase
by /2 leads to a very different electric field. For a pulse train generated by a
mode-locked laser, the CEO phase is usually different for each pulse in the train
because of the difference between phase velocity and group velocity in the laser
cavity and because of various noise sources. None of the methods described in
this review provides such knowledge because their experimental trace does not
depend upon ¥, and, in general, only highly nonlinear processes with ultrashort
optical pulses depend on it [315]. Time-domain measurements of the relative
phase of successive pulses in a pulse train can be performed, however [366,367].
It is possible to use a feedback control loop to stabilize the CEO phase to a par-
ticular value using the f-2f interferometer [364]. The way in which this is
achieved is to measure the beating between modes of the spectrum of the pulse-
train fundamental and its second harmonic. The spectrum of a pulse train is a fre-
quency comb—a set of discrete modes separated by the pulse repetition fre-
quency fr.p, as illustrated in Fig. 46. The modal frequencies are nf.,+fcgo, where
Jceo 1s a frequency between 0 and f,.,,. In the time domain, the envelope of the
electric field is periodic, with period f.,. However, the phase of the field oscilla-
tion under the envelop changes by 27fo/f,, between two successive pulses:
the electric field is periodic only if f-zo=0. The second-harmonic comb frequen-
cies are at 2nf,,+2fcgo. For two modes in an overlapping frequency region of
the fundamental and second-harmonic spectra, beating in the time domain oc-
curs at the frequency f-po. This beat frequency can be directly measured by a
photodetector, and the value of f-po can be adjusted, for example, by changing
the intracavity path length of the laser oscillator. Of course, in order that the fun-
damental and second-harmonic spectra overlap, the former must have at least a
one-octave-wide spectrum. It is possible to obtain this directly from an oscilla-
tor, but more commonly it is obtained by expanding the bandwidth of the spec-
trum by means of a nonlinear optical process, such as self-phase modulation in a
photonic crystal fiber. Several methods have been proposed to determine the
CEO phase for individual pulses (or the common CEO phase of the pulses com-
posing a train of pulses with a CEO frequency equal to zero) [368,369]. These
methods use the asymmetry of the direction of motion of electrons ionized by
the pulse. For sinelike pulses, this distribution will be symmetric; for cosinelike,
it will not be.
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Figure 46
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6.5. Conclusions

The establishment of general principles of pulse characterization, and the instan-
tiation of these principles in several different techniques, suggests that the field
of ultrafast pulse characterization is a mature one. Indeed, some of the methods
have proved commercially viable, so that they have passed from being labora-
tory tools to being workaday devices.

Nonetheless, challenges remain. There is a clear need, evidenced by some of the
applications and current areas of research, to extend metrology to more extreme
wavelengths, larger bandwidths, shorter durations, and greater complexities, as
well as to encompass all the degrees of freedom of the electric field, including its
quantum state. Even for a single pulse, unless it is close to transform and diffrac-
tion limited (and in a pure polarization state, not to say a pure quantum state!) the
amount of data required for specifying the pulse is enormous, and itself poses
significant processing challenges. Coupled with the rapid repetition rates of la-
ser oscillators and amplifiers, this demands new ways of extracting the appropri-
ate quantities. Extracting the field itself from this vast data set in a reliable way
remains a challenge.

As technology improves, so will the sensitivity and compactness of the current
generation of devices. This is already becoming evident in the burgeoning num-
ber of applications based on linear shearing interferometry and spectrography,
even though these were proposed and analyzed more than a decade ago. This
opens new capabilities and applications based on ultralow-light level devices
with integration capability. This will likely be very valuable for system-level
control loops.

Underlying all of this, however, it is fundamental that the development of new
tools underpins scientific discovery, so that as new methods arise and old ones
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evolve, we can be sure there will emerge new phenomena. Conversely, new sci-
ence underpins the development of new technology, so we can also be sure that
there will be new techniques and applications arising from new discovery. The
symbiosis between science and technology is clear in ultrafast optics: the gen-
eration, amplification, and measurement of short electromagnetic pulses have
opened new vistas in physics, chemistry, and materials science, as well as in ap-
plications such as biomedicine and telecommunications. This will continue.
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